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Let K denote a field and let V denote a vector space over 
K with finite positive dimension. By a tridiagonal pair, we 
mean an ordered pair A, A∗ of K-linear transformations from 
V to V that satisfy the following conditions: (i) each of 
A, A∗ is diagonalizable; (ii) there exists an ordering {Vi}di=0
of the eigenspaces of A such that A∗Vi ⊆ Vi−1 + Vi + Vi+1
(0 ≤ i ≤ d), where V−1 = 0, Vd+1 = 0; (iii) there exists an 
ordering {V ∗

i }δi=0 of the eigenspaces of A∗ such that AV ∗
i ⊆

V ∗
i−1 + V ∗

i + V ∗
i+1 (0 ≤ i ≤ δ), where V ∗

−1 = 0, V ∗
δ+1 = 0;

(iv) there is no subspace W of V such that AW ⊆ W , 
A∗W ⊆ W , W �= 0, W �= V . It is known that ηA + μI, 
η∗A∗ + μ∗I is also a tridiagonal pair on V , where η, μ, η∗, μ∗

are scalars in K with η, η∗ nonzero. In this paper we give the 
necessary and sufficient conditions for these tridiagonal pairs 
to be isomorphic to A, A∗ or A∗, A. We do this under a mild 
assumption, called the sharp condition.

© 2014 Published by Elsevier Inc.

1. Introduction

Throughout the paper K denotes a field and V denotes a vector space over K with 
finite positive dimension.
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We begin by recalling the notion of a tridiagonal pair. We will use the following 
terms. Let End(V ) denote the K-algebra consisting of all K-linear transformations from 
V to V . For A ∈ End(V ) and for subspace W ⊆ V , we call W an eigenspace of A
whenever W �= 0 and there exists θ ∈ K such that W = {υ ∈ V | Aυ = θυ}; in this case 
θ is the eigenvalue of A associated with W . We say A is diagonalizable whenever V is 
spanned by the eigenspaces of A.

Definition 1.1. (See [1, Definition 1.1].) By a tridiagonal pair on V , we mean an ordered 
pair A, A∗ ∈ End(V ) that satisfy (i)–(iv) below:

(i) Each of A, A∗ is diagonalizable.
(ii) There exists an ordering {Vi}di=0 of the eigenspaces of A such that

A∗Vi ⊆ Vi−1 + Vi + Vi+1 (0 ≤ i ≤ d), (1)

where V−1 = 0, Vd+1 = 0.
(iii) There exists an ordering {V ∗

i }δi=0 of the eigenspaces of A∗ such that

AV ∗
i ⊆ V ∗

i−1 + V ∗
i + V ∗

i+1 (0 ≤ i ≤ δ), (2)

where V ∗
−1 = 0, V ∗

δ+1 = 0.
(iv) There is no subspace W of V such that AW ⊆ W , A∗W ⊆ W , W �= 0, W �= V .

We say the pair A, A∗ is over K.

Let A, A∗ denote a tridiagonal pair on V . Then A∗, A is also a tridiagonal pair on V , 
we call A∗, A the dual of A, A∗.

Let A, A∗ denote a tridiagonal pair on V . By [1, Lemma 4.5], the integers d and δ from 
Definition 1.1 are equal; we call this common value the diameter of A, A∗. An ordering of 
the eigenspaces of A (resp. A∗) is said to be standard whenever it satisfies (1) (resp. (2)). 
By [1, Corollary 5.7], for 0 ≤ i ≤ d the spaces Vi, V ∗

i have the same dimension; we denote 
this common dimension by ρi. We call the sequence {ρi}di=0 the shape of A, A∗. By [1, 
Corollaries 5.7, 6.6], {ρi}di=0 is symmetric and unimodal; that is ρi = ρd−i for 0 ≤ i ≤ d

and ρi−1 ≤ ρi for 0 ≤ i ≤ d
2 . The pair A, A∗ is said to be sharp whenever ρ0 = 1

[4, Definition 1.5]. By a Leonard pair, we mean a tridiagonal pair such that ρi = 1 for 
0 ≤ i ≤ d [5, Definition 1.1].

In the survey paper [7], P. Terwilliger proposed the following open problem.

Problem 1.2. [7, Problem 36.1] Let A, A∗ denote a tridiagonal pair on V . Let η, μ, η∗, μ∗

denote scalars in K with η, η∗ nonzero. Note that the pair ηA + μI, η∗A∗ + μ∗I is a 
tridiagonal pair on V . Find necessary and sufficient conditions for this tridiagonal pair to 
be isomorphic to the tridiagonal pair A, A∗. Also, find necessary and sufficient conditions 
for this tridiagonal pair to be isomorphic to the tridiagonal pair A∗, A.
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