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Let G be a simple graph on n vertices. The Laplacian 
Estrada index of G is defined as LEE(G) =

∑n
i=1 e

μi , 
where μ1, μ2, . . . , μn are the Laplacian eigenvalues of G. In 
this paper, we give some upper bounds for the Laplacian 
Estrada index of graphs and characterize the connected 
(n, m)-graphs for n + 1 ≤ m ≤ 3n−5

2 and the graphs of given 
chromatic number having maximum Laplacian Estrada index, 
respectively.
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1. Introduction

We consider simple graphs. Let G be a graph with vertex set V (G) = {v1, v2, . . . , vn}
and edge set E(G). For v ∈ V (G), the degree of v, denoted by dG(v), is the number of 
edges incident to v. Let D(G) be the diagonal matrix diag(dG(v1), dG(v2), . . . , dG(vn))
and A(G) the adjacency matrix of G. The Laplacian matrix of G is L(G) = D(G) −A(G).

The Estrada index of G is defined as [8]

EE(G) =
n∑

i=1
eλi(G),

where λ1(G), λ2(G), . . . , λn(G) are the eigenvalues of A(G), arranged in non-increasing 
order. This graph invariant found various applications and has been studied extensively, 
see, e.g., [5,7–11,17].

Let μ1(G), μ2(G), . . . , μn−1(G), μn(G) = 0 be the eigenvalues of L(G) arranged in 
non-increasing order. The Laplacian Estrada index of G is defined as [11]

LEE(G) =
n∑

i=1
eμi(G).

Like the Estrada index, the Laplacian Estrada index is used as a molecular descriptor [3]. 
Using the power series expansion of the exponential function, we get

LEE(G) =
n∑

i=1
eμi(G) =

∞∑
k=0

Mk(G)
k! ,

where Mk(G) =
∑n

i=1 μ
k
i is the k-th Laplacian spectral moment of G, which reflects the 

structural features of networks [20,21] and molecular graphs [3].
Let L(G) be the line graph of G. For a bipartite graph G with n vertices and m edges, 

Zhou and Gutman [22] established a relation between LEE(G) and EE(L(G)):

LEE(G) = n−m + e2 · EE
(
L(G)

)
.

Bamdad et al. [2] gave a lower bound for Laplacian Estrada index of a graph using the 
numbers of vertices and edges. Du and Liu [7] determined the unique trees with minimum 
and maximum Laplacian Estrada indices with some given parameters. Zhou [23] gave 
lower bounds for Laplacian Estrada index using the degree sequence. More properties of 
Laplacian Estrada index may be found in, e.g., [2,6,17,18,22–24].

In this paper, we give sharp upper bounds for the Laplacian Estrada index of 
(n, m)-graphs and characterize the extremal graphs for n + 1 ≤ m ≤ 3n−5

2 . We also 
give a sharp upper bound for the Laplacian Estrada index of a graph using the chro-
matic number, and characterize the extremal graphs.
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