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1. Introduction

Let 8™ be the space of real symmetric n x n matrices, and S7 (resp. ST, ) be the
cone of positive semidefinite (resp. definite) matrices in 8™. For p € R, the matrix power
function X? on 8™ is defined as X? = Q7 AP(Q when this makes sense, with X = QT AQ
an orthogonal spectral decomposition. It is well known (cf. [3, p. 147]) that

* Corresponding author.

http://dx.doi.org/10.1016/j.1aa.2014.09.038
0024-3795/© 2014 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.laa.2014.09.038
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/laa
http://dx.doi.org/10.1016/j.laa.2014.09.038
http://crossmark.crossref.org/dialog/?doi=10.1016/j.laa.2014.09.038&domain=pdf

348 J.W. Helton et al. / Linear Algebra and its Applications 465 (2015) 347-362

(1) XP? is convex over ST if p € [-1,0]U[1,2], and
(2) XP? is concave over ST if p € [0, 1].

Here, the concavity and convexity are defined as usual for functions of matrices. The
goal of this paper is to give a free semidefinite representation (i.e., in terms of linear
matrix inequalities whose construction is independent of the matrix dimension n) for
the epigraph or hypograph of the matrix power function X? for a range of rational
exponents p.

1.1. Convex and concave matriz-valued functions

Let D be a convex subset of the space of the Cartesian product (§™)9, with g > 0 an
integer. A matrix-valued function f : D — S™ is convex if

fEX+ (1 =0)Y) 2tf(X)+ (1 —t)f(Y), Vtelo,1]

for all XY € D. If —f is convex, we say that f is concave. The epigraph (resp. hypo-
graph) of f is then defined as

{(X,)Y)eDx8": f(X)=2Y} (resp. {(X,Y)eDxS8": f(X)=Y}).

The following is a straightforward but useful fact. Due to lacking of a suitable reference
in case of matrix-valued functions, we include a short proof here.

Lemma 1.1. Suppose D is a convex set. Then f is convex over D if and only if its epigraph
is convex. Stmilarly, f is concave over D if and only if its hypograph is convex.

Proof. We will prove only the first half of the proposition as the second half clearly
follows from the first.

(=) If (X,W) and (Y,Z) are in the epigraph of f and if ¢ € [0,1], then by the
convexity of f,

JEX+ (1 =0)Y) 2tf(X)+ (A —=t)f(Y) tW+(1—t)Z

so that (tX + (1 — )Y, tW + (1 — t)Z) is in the epigraph of f.

(<) If X,;Y € Dand t € R, then (X, f(X)) and (Y, f(Y)) are in the epigraph of f.
Since the epigraph is convex, (tX + (1 —¢t)Y, tf(X)+ (1 —¢)f(Y)) is in the epigraph as
well. But this says that f(tX + (1 —)Y) <tf(X)+ (1 -t f(Y). O

In the case that f(X) > 0 for all X € D, we are often only interested in the pairs
(X,Y) from the hypograph of f with Y = 0. Thus, in this case, we slightly abuse
terminology and refer to

((X,Y)eDxS: f(X) =Y}
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