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Let λ1(G) be the largest eigenvalue and λn(G) be the smallest 
eigenvalue of a k-connected irregular graph G with n vertices, 
m edges and maximum degree Δ. In this paper, we prove that

Δ − λ1(G) >
(nΔ − 2m)k2

(nΔ − 2m)[n2 − 2(n− k)] + nk2 .

This inequality improves previous results of several authors 
and implies two lower bounds on Δ +λn(G) which also refine 
some known bounds. Another lower bound on Δ − λ1(G) for 
a connected irregular graph G is given as well.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

All graphs considered in this paper are finite, undirected and simple. Let G be such 
a graph with vertex set V (G) = {v1, v2, · · · , vn} and edge set E(G), where |E(G)| = m. 
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For i = 1, 2, · · · , n, let NG(vi) denote the set of vertices adjacent to the vertex vi in G
and let dG(vi) = |NG(vi)| be the degree of vi. We also denote by Δ(G) and δ(G) the 
maximum degree and the minimum degree of vertices in G, respectively. If Δ(G) = δ(G), 
then G is regular. The distance between any two vertices vi and vj in G is the number of 
edges in a shortest path connecting vi and vj . The diameter D(G) of G is the maximum 
distance over all pairs of vertices. The (vertex) connectivity κ(G) of G is the minimum 
number of vertices whose removal disconnects G or reduces it to a single vertex. For an 
integer k ≥ 1, G is called k-connected if κ(G) ≥ k.

The largest eigenvalue, or spectral radius, of G, denoted by λ1(G), is the largest 
eigenvalue of its adjacency matrix A(G). If G is connected, then A(G) is irreducible and 
by Perron–Frobenius Theorem (see e.g., [7]), λ1(G) is simple and has a unique positive 
unit eigenvector. Moreover, it is well-known that λ1(G) ≤ Δ(G) with equality if and 
only if G is regular. Thus a natural question arises:

How small Δ(G) − λ1(G) can be when G is irregular?

It is worth mentioning that Δ(G) −λ1(G) is considered as a measure for the irregularity 
of a graph G (see [5, p. 242]).

A number of estimates on Δ(G) −λ1(G) for a connected irregular graph G have been 
obtained by several authors in recent years. Set Δ(G) = Δ, δ(G) = δ and D(G) = D, 
for convenience. Stevanović [15] first proved that

Δ − λ1(G) > 1
2n(nΔ − 1)Δ2 .

Later in [18], by studying the ratio of a maximal eigenvector, Zhang obtained a finer 
bound:

Δ − λ1(G) > Δ + δ − 2
√

Δδ

nDΔ ≥ 2Δ − 1 − 2
√

Δ(Δ − 1)
n(n− 1)Δ .

Liu, Shen and Wang [8] established an asymptotically best possible bound (up to a 
constant factor) by investigating the diameter property of so-called λ1-extremal graphs,

Δ − λ1(G) > 1
n(D + 1) ≥ Δ + 1

n(3n + 2Δ − 4) .

On the other hand, by introducing other graph parameters, Cioabǎ, Gregory and Niki-
forov [2] showed that

Δ − λ1(G) > nΔ − 2m
n(D(nΔ − 2m) + 1)

(
≥ 1

n(D + 1)

)
.

Further, Cioabǎ [3] deduced a beautiful bound as follows:
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