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Centraliser codes are codes of length n2 defined as centralisers 
of a given matrix A of order n. Their dimension, parity-
check matrices, syndromes, and automorphism groups are 
investigated. A lower bound on the dimension is n, the order 
of A. This bound is met when the minimal polynomial is 
equal to the annihilator, i.e. for so-called cyclic (a.k.a. non-
derogatory) matrices. If, furthermore, the matrix is separable 
and the adjacency matrix of a graph, the automorphism group 
of that graph is shown to be abelian and to be even trivial if 
the alphabet field is of even characteristic.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

Let A be an n × n square matrix over some finite field Fq. By C(A) we mean the 
centraliser of A, namely:
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C(A) :=
{
B ∈ F

n×n
q

∣∣ AB = BA
}
. (1)

From basic linear algebra we know that C(A) is a linear subspace of the vector space 
F
n×n
q of all n × n matrices over Fq. Now considering C(A) as a subspace, we obtain a 

code whose elements are matrices, that can be viewed as vectors of length n2, by reading 
them column by column.

Definition 1. For any q-ary n × n square matrix A, the subspace C(A) formed above is 
called the centraliser code generated by A.

In a sense A serves as a parity-check matrix as well, because for any n × n matrix 
B ∈ F

n×n
q , we have

B ∈ C(A) ⇔ AB −BA = 0.

More concretely, we have the following result.

Proposition 1.1. A parity-check matrix for C(A) is given by

H = In ⊗A−
(
AT ⊗ In

)
,

with ⊗ denoting the Kronecker product, and MT the transpose of the matrix M .

Proof. Consider the map B �→ AB. If we think of B as written off column by column into 
a vector of length n2, say Vec(B), then the matrix of this map is readily seen to be In⊗A. 
Thus Vec(AB) = (In ⊗ A) Vec(B). Let Tn be the n2 × n2 matrix of the endomorphism 
B �→ BT , that is Vec(BT ) = Tn Vec(B). By a similar calculation the matrix of the map 
B �→ BA = (ATBT )T , turns out to be, after some algebra, Tn(In ⊗ AT )Tn. The result 
follows now upon applying the identity

Tn

(
A′ ⊗B′)Tn =

(
B′ ⊗A′)

of [3, Corollary 52, p. 44] in the special case A′ = In, B′ = AT . �
The problems about C(A) that arise naturally for a given A include

• computing its dimension
• finding efficient encoding and decoding procedures
• determining its automorphism group

The paper is organized as follows. Sections 2, 3, 4 tackle in order the above three 
problems. Section 5 is dedicated to concrete examples of codes and Section 6 contains 
some concluding remarks and open problems.
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