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Companion matrices, especially the Frobenius companion ma-
trices, are used in algorithms for finding roots of polynomials
and are also used to find bounds on eigenvalues of matrices.
In 2003, Fiedler introduced a larger class of companion ma-
trices that includes the Frobenius companion matrices. One
property of the combinatorial pattern of these companion ma-
trices is that, up to diagonal similarity, they uniquely realize
every possible spectrum of a real matrix. We characterize
matrix patterns that have this property and consequently in-
troduce more companion matrix patterns. We observe that
each Fiedler companion matrix is permutationally similar to
a unit Hessenberg matrix. We provide digraph characteriza-
tions of the classes of patterns described, and in particular, all
sparse companion matrices, noting that there are companion
matrices that are not sparse.
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1. Introduction

The Frobenius companion matriz is

0 1 0 0
0 0 1
Cn = : . .
0 0 e 0 1
L —Qp  —Anp-1 oG —ap 1

In some contexts, instead of C,,, authors use a matrix that can be obtained from C,, via
transpose, or via a reverse permutation similarity or both. (An n X n reverse permutation
matrix P is a permutation matrix with P, ,,_,11 = 1 for 1 <14 < n.) A key property of the
Frobenius companion matrix is that the variables entries in C,, provide the coefficients
of the characteristic polynomial of C,,:

p(z) = 2" + a1zt Fagx™ P4 a1+ ay. (1)
We define a companion matriz to be an n x n matrix A over Flaj,as,...,a,] with
n? — n entries constant in F and the remaining entries —a1, —as, ..., —a, such that the

characteristic polynomial of A is p(x) in line (1). We say that two companion matrices A
and B are equivalent if either A or AT can be obtained from B via a permutation
similarity.

In [8], Fiedler introduces some new companion matrices. For t =1,...,n — 1, let
Ii, O 0] e 1
My=| O N, O WhereNt:[ 1t 01
O 0 In
and let M, be a diagonal matrix with main diagonal entries (1,1,...,1, —a,). Fiedler [8]

demonstrated that if (i,4s,...,4,) is any permutation of {1,2,...,n} then the product
M;, M;, --- M, is a companion matrix, which we will call a Fiedler companion ma-
triz. The Frobenius companion matrix is equivalent to the Fiedler companion matrix
MMy --- M, via a reverse permutation similarity. Fiedler companion matrices are cur-
rently being explored as an alternate computational tool to the Frobenius companion
matrices by various authors; see, for example, [1,3,4,12-14].

In this paper, we provide a characterization of all companion matrices, up to equiva-
lence, and demonstrate that there are companion matrices that are not Fiedler compan-
ion matrices. For example, the matrices
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