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We study category O for the (centrally extended) Schrödinger 
algebra. We determine the quivers for all blocks and relations 
for blocks of nonzero central charge. We also describe 
the quiver and relations for the finite dimensional part 
of O. We use this to determine the center of the universal 
enveloping algebra and annihilators of Verma modules. 
Finally, we classify primitive ideals of the universal enveloping 
algebra which intersect the center of the centrally extended 
Schrödinger algebra trivially.
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1. Introduction and description of the results

The Schrödinger Lie group describes symmetries of the free particle Schrödinger equa-
tion, see [27]. The corresponding Lie algebra is called the Schrödinger algebra, see [9]. 
In the 1 + 1-dimensional space–time this algebra is, roughly, a semi-direct product of 
the simple Lie algebra sl2 with its simple 2-dimensional representation (the latter forms 
an abelian ideal). This Lie algebra admits a universal 1-dimensional central extension 
which is called the centrally extended Schrödinger algebra or, simply, the Schrödinger 
algebra, abusing the language.

Some basics of the representation theory of the Schrödinger algebra were studied in 
[9,10], including description of simple highest weight modules. Recently there appeared a 
number of papers studying various aspects of the representation theory of the Schrödinger 
algebra, see [1,19,20,11,30–32]. In particular, [11] classifies all simple modules over the 
Schrödinger algebra which are weight and have finite dimensional weight spaces.

The present paper started with the observation that the claim of [31, Theorem 1.1(1)]
contradicts [27, p. 244] and a natural subsequent attempt to repair the main result 
of [31] which claims to describe annihilators of Verma modules over the Schrödinger 
algebra. In the classical situation of simple Lie algebras, a study of annihilators of Verma 
modules usually follows the study of the BGG category O and its equivalent realization 
using Harish–Chandra bimodules. This naturally led us to the problem of understanding 
category O for the Schrödinger algebra. This is the main objective of the present paper.

Making a superficial parallel with the theory of affine Lie algebras, it turns out that 
the representation theory of the Schrödinger algebra splits into two very different cases, 
namely the case of nonzero central charge and the one of the zero central charge, where 
by the central charge we, as usual, mean the eigenvalue of the (unique up to scalar) 
central element of the Schrödinger algebra (note that such an eigenvalue is unique for 
all simple modules). For nonzero central charge our results are complete, whereas for 
zero central charge we get less information, however, involving much more complicated 
arguments. Nevertheless, we derive enough properties of O to be able to describe the 
center of the universal enveloping algebra of the Schrödinger algebra and annihilators of 
Verma modules, repairing the main results of [31]. Along the way we also describe the 
“finite dimensional” part of O which, in contrast with the classical case, is no longer a 
semi-simple category. Our description, in particular, implies that the category of finite 
dimensional modules over the Schrödinger algebra has wild representation type (cf. [22]).

The paper is organized as follows: in Section 2 we collected all necessary preliminaries. 
Section 3 studies basics on category O and describes blocks of nonzero central charge. 
Section 4 studies blocks of zero central charge and the “finite dimensional” part of O. 
As a technical tool we also introduce a natural graded version of O (which makes sense 
only for zero central charge). Section 5 contains several applications, in particular, de-
scription of the center of the universal enveloping algebra of the Schrödinger algebra 
and description of annihilators of Verma modules. In Section 6 we outline the setup to 



Download	English	Version:

https://daneshyari.com/en/article/4599379

Download	Persian	Version:

https://daneshyari.com/article/4599379

Daneshyari.com

https://daneshyari.com/en/article/4599379
https://daneshyari.com/article/4599379
https://daneshyari.com/

