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Let F be an arbitrary field and let h(n) be the Heisenberg
algebra of dimension 2n + 1 over F . It was shown by Burde
that if F has characteristic 0 then the minimum dimension
of a faithful h(n)-module is n + 2. We show here that his
result remains valid in prime characteristic p, as long as
(p, n) �= (2, 1).
We construct, as well, various families of faithful irreducible
h(n)-modules if F has prime characteristic, and classify these
under suitable assumptions on F . Applications to matrix
theory are given.
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1. Introduction

Let F be an arbitrary field. For n ≥ 1, let h(n, F ), or just h(n), stand for the Heisen-
berg algebra of dimension 2n + 1 over F . This is a 2-step nilpotent Lie algebra with
1-dimensional center. It was shown by Burde [1] that when F has characteristic 0 the
minimum dimension of a faithful h(n)-module is n+2. Further results on low dimensional
imbeddings of nilpotent Lie algebras when char(F ) = 0 can be found in [1,2,4].

Here we extend Burde’s result to arbitrary fields by showing that the minimum dimen-
sion of a faithful h(n)-module is always n+ 2, except only when n = 1 and char(F ) = 2.

E-mail address: fernando.szechtman@gmail.com.
1 The author was supported in part by an NSERC discovery grant.

http://dx.doi.org/10.1016/j.laa.2014.05.015
0024-3795/© 2014 Elsevier Inc. All rights reserved.

http://dx.doi.org/10.1016/j.laa.2014.05.015
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/laa
mailto:fernando.szechtman@gmail.com
http://dx.doi.org/10.1016/j.laa.2014.05.015
http://crossmark.crossref.org/dialog/?doi=10.1016/j.laa.2014.05.015&domain=pdf


50 F. Szechtman / Linear Algebra and its Applications 457 (2014) 49–60

See Section 3 for details. Our main tool if F has prime characteristic is the classification
of faithful irreducible h(n)-modules under suitable assumptions on F , as found in The-
orem 2.2. This classification is known when F is algebraically closed (see [6], page 149).
For an arbitrary field of prime characteristic there exist, in general, families of faithful
irreducible h(n)-modules that fall outside of this classification, some of which are studied
in Sections 4 and 5. Applications to matrix theory arising from the representation theory
of h(n) can be found in Section 2.

We fix throughout a symplectic basis x1, . . . , xn, y1, . . . , yn, z of h(n), i.e., one with
multiplication table [xi, yi] = z. Clearly, a representation R : h(n) → gl(V ) is faithful
if and only if R(z) �= 0. All representations will be finite dimensional, unless otherwise
mentioned. If R : g → gl(V ) and T : g → gl(V ) are representations of a Lie algebra g,
we refer to T and R as equivalent if there is Ω ∈ Aut(g) such that T is similar to R ◦Ω.

2. Faithful irreducible representations of h(n)

Proposition 2.1. Let F [X1, . . . , Xn] be the polynomial algebra in n commuting variables
X1, . . . , Xn over F . For q ∈ F [X1, . . . , Xn], let mq be the linear endomorphism “multi-
plication by q” of F [X1, . . . , Xn]. Let α, β1, . . . , βn, γ1, . . . , γn ∈ F , where α �= 0. Then

(1) F [X1, . . . , Xn] is a faithful h(n)-module via

z �→ α · I, xi �→ βi · I + α · ∂/∂Xi, yi �→ γi · I + mXi
.

(2) F [X1, . . . , Xn] is irreducible if and only if F has characteristic 0.
(3) Suppose F has prime characteristic p. Then (Xp

1 , . . . , X
p
n) is an h(n)-invariant

subspace of F [X1, . . . , Xn] and

Vα,β1,...,βn,γ1,...,γn
= F [X1, . . . , Xn]/

(
Xp

1 , . . . , X
p
n

)

is a faithful irreducible h(n)-module of dimension pn. Moreover, Vα,β1,...,βn,γ1,...,γn
is

isomorphic to Vα′,β′
1,...,β

′
n,γ

′
1,...,γ

′
n

if and only if α = α′ and βi = β′
i, γi = γ′

i for all
1 ≤ i ≤ n. Furthermore, Vα,β1,...,βn,γ1,...,γn

is equivalent to V1,0,...,0.

Proof. This is straightforward. �
Theorem 2.2. Suppose F has prime characteristic p. Let R : h(n) → gl(V ) be a faithful
irreducible representation. Assume each z, x1, . . . , xn, y1, . . . , yn acts on V with at least
one eigenvalue in F , say α, β1, . . . , βn, γ1, . . . , γn ∈ F , respectively (this is automatic if
F is algebraically closed). Then V is isomorphic to Vα,β1,...,βn,γ1,...,γn

.

Proof. We divide the proof into various steps.

Step 1. R(z) = α · I, where α �= 0.
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