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Let H and K be complex separable Hilbert spaces with
dimensions at least three, and B(H) the Banach algebra of
all bounded linear operators on H. Let Δ(·) denote W (·) or
σε(·), where, for A, W (A) stands for the numerical range of
A ∈ B(H) and σε(A) the ε-pseudospectrum of A. It is shown
that a bijective map (no algebraic structure assumed) Φ :
B(H) → B(K) satisfies that Δ(AB−BA∗) = Δ(Φ(A)Φ(B)−
Φ(B)Φ(A)∗) for all A,B ∈ B(H) if and only if there exists a
unitary operator U ∈ B(H,K) such that Φ(A) = μUAU∗ for
all A ∈ B(H), where μ ∈ {−1, 1}. If Δ(·) = W (·), then the
injectivity assumption on Φ can be omitted.
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1. Introduction

Let A be a ∗-ring. For any A,B ∈ A, the product AB − BA∗ is called the skew
Lie product of A and B. This product is playing a more and more important role in
some research topics, and its study has recently attracted many authors’ attention (see,
for example, [2–6,12,14–16]). Denote by B(H) the Banach algebra of all bounded linear
operators on a real or complex Hilbert space H of dimension greater than 1. Motivated
by the theory of rings (and algebras) equipped with the Lie product [A,B] = AB−BA or
the Jordan product A◦B = AB+BA, Molnár in [12] initiated a systematic study of the
skew Lie product, and showed that if N ⊆ B(H) is an ideal, then N = span{AB−BA∗ |
A ∈ N , B ∈ B(H)} = span{AB − BA∗ | A ∈ B(H), B ∈ N}; in particular, every
element of B(H) is a finite sum of TS−ST ∗ type operators. Later, Brešar and Fošner [2]
generalized the above results in [12] to rings with involution in different directions.

Let A and B be two von Neumann algebras and Φ : A → B be a map. If
Φ(AB − BA∗) = Φ(A)Φ(B) − Φ(B)Φ(A)∗ for all A,B ∈ A, we say that Φ preserves
skew Lie products; if Φ(A)Φ(B) − Φ(B)Φ(A)∗ = AB − BA∗ for all A,B ∈ A, we say
that Φ preserves strong skew Lie products. For A,B ∈ A, if AB = BA∗ implies that
Φ(A)Φ(B) = Φ(B)Φ(A)∗, we say that Φ preserves zero skew Lie products. Clearly, every
skew Lie product preserving map is zero skew Lie product preserving. Cui and Li [5]
proved that, if A and B are factor Von Neumann algebras and Φ is a bijective map pre-
serving skew Lie products, then Φ is a ∗-ring isomorphism. Cui and Park [6] proved that,
if A and B are factor Von Neumann algebras and Φ is a surjective map preserving strong
skew Lie products, then Φ is of the form Φ(A) = Ψ(A) + h(A)I for all A ∈ A, where
Ψ : A → B is a linear bijective map preserving strong skew Lie products and h : A → R

is a real functional satisfying h(0) = 0; in particular, when A = B = B(H), the above
map Ψ is the identity map on B(H). Qi and Hou [14] generalized and improved the result
in [6] to von Neumann algebras without central summands of type I1; they characterized
also the corresponding maps on prime involution rings and prime involution algebras.
When A = B(H) and B = B(K) with H and K being two complex Hilbert spaces,
as a special case of results in [4], Cui and Hou characterized the linear bijective maps
Φ : B(H) → B(K) preserving zero skew Lie products, and proved that such a Φ is of the
form Φ(A) = cUAU∗ for all A ∈ B(H), where U ∈ B(H,K) is unitary and c is a nonzero
real number. For the maps on von Neumann algebras, even if under the assumption
that the involved maps are additive, it seems considerably difficult to characterize maps
preserving zero skew Lie products.

The purpose of this paper is to discuss the maps that preserve some properties of skew
Lie products on factor von Neumann algebras. More exactly, we will respectively char-
acterize the maps preserving numerical range and the maps preserving pseudo-spectrum
of skew Lie products of operators on B(H) (see Theorem 2.2 and Theorem 3.3), and
characterize the additive maps preserving numerical radius of skew Lie products on
factor von Neumann algebras (see Theorem 4.1). Our results reveal that, for a map
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