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In this paper, we discuss the correlation between the self-
dual normal bases of Fy» and Fg: over F, with those of Fy»
over Fy, where n = vt and (v,t) = 1. In particular, we prove
that if o and B generate self-dual normal bases of Fy» and e
respectively over Fy, then v = o generates a self-dual normal
basis of Fgn over F,. We also explore the other direction and
prove that if v = a8 (where o € Fgv, 8 € Fgr and v € Fygn)
generates a self-dual normal basis of Fgqn over Fq, then both
a and [ generate trace-orthogonal normal bases. We also
provide the possibility of a relation between the number of
self-dual normal bases of Fy» over Fg and those of Fgm over Fg,
where n = ptm with (m,q) = 1.
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1. Introduction

Fix a finite field I, with characteristic p. Consider an extension Fy» of Fy, and o €

Fyn. Then Fgn can be viewed as a vector space of dimension n over F,. A normal

basis of Fyn over F, is a basis of the form N = {ag,a1,...,0n_1}, where a; = a7,

0 < i < n—1 We say that o is a normal element of Fy», or that o generates the

normal basis N. It is well-known that the normal bases exist in any finite field extension

[10, Theorem 2.34].
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For o € Fyn, the trace map Trg,_, p, from Fgn to F, is defined by

n—1

Tree (@) =a+al+ o +at"”,

and Trp_, /r, () is always an element of IF,.
Let M = {0, B1,-..,Bn—1} be another basis of Fyn over F,; M is said to be the dual
basis of N if

TT]Fqn/]Fq(aiﬁj) = 61’]” 0 S i,j S n—1

(0i; denotes the Kronecker delta function, i.e., §;; = 0if i # j, and 0;; =1 if i = j). If
generates a normal basis N of Fy» over F, and 8 generates the dual basis of IV, then §
is a dual element of a. We know that the dual basis of a normal basis is also a normal
basis [6, Corollary 1.4].

The basis N = {ap,a1,...,ap_1} is said to be trace orthogonal of Fyn over F, if
Trg, . v, (i) = 0 for i # j. If, in addition, Ty . /F, (a?) =1for 0 <i <n—1, then
the basis is called self-dual.

There are several classes of bases in extension fields such as polynomial basis, normal
basis, self-dual normal basis. A polynomial basis may be efficient, but it is not necessarily
efficient for multiplication. A normal basis is efficient for a Frobenius mapping. A self-dual
normal basis is efficient for not only a Frobenius mapping but also for trace calculations.
On the other hand, it is well known that normal bases are widely used in applications of
finite fields, in areas such as coding theory, cryptography, signal processing, and so on
[1,2,11,12]. In particular, self-dual normal bases are useful in arithmetic, Fourier trans-
form, and have applications in coding theory and cryptography [3,4,7,8,14]. Contrary to
normal bases, not all extensions of finite fields admit self-dual normal bases [9]. However,
it is difficult to construct a self-dual normal basis in arbitrary extension field.

In [6, Theorem 4.1] it has been discussed the possibility for a product of two normal
bases generators to be a normal basis generator and Liao Qunying [13] discussed the
distribution of the normal bases.

In this paper, we discuss the possibility for a product of two self-dual normal bases
generators to be a self-dual normal basis generator and vice versa. In addition, we also
provide the possibility of a relation between the number of self-dual normal bases of F»
over F, and those of Fym over Fy, where n = p'm with (m, q) = 1.

2. Preliminaries
The following results are used a number of times, so we state it explicitly.

Lemma 2.1. (See [6, Theorem 4.1].) Lett and v be any positive integers. If a is a normal
element of Fyoe over Fy; then v = T'I"qut/[[rqt () is a normal element of Fyt over Fy.
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