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D(k) formed from the divisors of a given squarefree integer k.
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11C20 briefly the associated L-functions. Finally, we generalize the
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operation to other subsets of N.
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1. The group of squarefree integers N*
1.1. Introduction

For m,n € N, define the (commutative) operation o : N x N — N by
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This simple and natural operation turns out, as we shall presently see, a group operation
on the squarefree numbers. It is surprising that, apparently, this has not been observed.
The closest that we have seen to this operation is in [7] (points 64, 65) regarding Boolean
lattices, but here no groups are alluded to. The quantity % does however appear
in many papers in number theory and linear algebra especially with regard to certain
arithmetical matrices (see for example [1,5,6,8,15,17] to name but a few).

Writing m = [[p® and n = [] p® for their prime decompositions, where a,b € Ny, one
has m on = [[pl*~l.
n o1l = n, while every n is its own inverse as n on = 1. However, o is not associative.

Thus N is closed under o. The operation o has identity 1 since

For example (202) 04 = 4, while 20 (204) = 1. But o is associative if we restrict to
squarefree numbers.

Proposition 1.1. Let N* denote the set of squarefree numbers. Then (N*,0) is an abelian
group.

Proof. First note that m on € N* whenever m,n € N*, since |a — b| € {0,1} whenever
a,b € {0,1}. We need therefore only check the associative law. Write m = [[p?, n =
[1»° and r = [] p°, for the prime decompositions, where a, b, ¢ € {0,1}. Then (mon)or =
m o (nor) follows on noticing that

|\a—b|—c|: la —[b—cl|
holds if a,b,c =0,1. O
Remarks 1.

(a) This group is isomorphic to a standard group — sometimes called the Boolean group.
For a set X, let F'(X) denote the set of finite subsets of X and equip it with the
symmetric difference operation AAB = (AU B) \ (AN B). Then (F(X),A) is a
group, the Boolean group. Taking X to be the set of primes makes it isomorphic
to N* (see, for example, [13], p. 54 — thanks to Graham Williams for pointing this
out).

(b) We mention a few more simple properties of o the proofs of which can sometimes
best be seen with a Venn diagram and noting that ‘gcd’ corresponds to intersection,
‘lem’ corresponds to union while, as mentioned above, ‘o’ corresponds to symmetric
difference.

(a) (N*,o0,gcd) is a ring (without identity) with “addition” o and “multiplication”
ged(, ). It is a Boolean ring (as (n,n) = n) of characteristic 2 (as non =1).
(b) For m,n,r € N*, we have
m,n,r)?

(mon)(mor)(nor) = and mnr(monor)=[m,n,r]*(m,n,r)?.

m,n,r)?
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