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In this paper, we characterize all similarity relations when 
m ≥ 3, obtain some interesting properties which are different 
from the matrix case (m = 2), and show that some of the 
well-known results of matrices cannot be extended to tensors 
of order m ≥ 3.
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1. Introduction

Since the work of Qi [4] and Lim [2], the study of tensors, the spectra of tensors (and 
hypergraphs) and their various applications has attracted much attention and interest.
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An order m dimension n tensor A = (ai1i2...im)1≤ij≤n (j=1,...,m) over the complex 
field C is a multidimensional array with all entries ai1i2...im ∈ C (i1, . . . , im ∈ [n] =
{1, . . . , n}). The majorization matrix M(A) of the tensor A is defined as (M(A))ij =
aij...j , (i, j ∈ [n]) by Pearson [3]. The unit tensor of order m and dimension n is the 
tensor I = (δi1,i2,...,im) with

δi1,i2,...,im =
{

1, if i1 = i2 = . . . = im;
0, otherwise.

Let A (and B) be an order m ≥ 2 (and k ≥ 1), dimension n tensor, respectively. 
Recently, Shao [5] defined a general product AB to be the following tensor D of order 
(m − 1)(k − 1) + 1 and dimension n:

diα1...αm−1 =
n∑

i2,...,im=1
aii2...imbi2α1 . . . bimαm−1

(
i ∈ [n], α1, . . . , αm−1 ∈ [n]k−1).

The tensor product possesses a very useful property: the associative law ([5], Theo-
rem 1.1). With the general product, the following definition of the similarity relation of 
two tensors was proposed by Shao [5].

Definition 1.1. (See [5], Definition 2.3.) Let A and B be two order m dimension n tensors. 
Suppose that there exist two matrices P and Q of order n with P IQ = I such that 
B = PAQ, then we say that the two tensors are similar.

It is easy to see that the similarity relation is an equivalent relation, and similar 
tensors have the same characteristic polynomials, and thus they have the same spectrum 
(as a multiset). For example, the permutation similarity and the diagonal similarity (see 
also [5–7]) are two special kinds of the similarity of tensors.

Definition 1.2. (See [5].) Let A and B be two order m dimension n tensors. We say that 
A and B are permutational similar, if there exists some permutation matrix P of order n
such that B = PAPT , where σ ∈ Sn is a permutation on the set [n] and P = Pσ = (pij)
is the corresponding permutation matrix of σ with pij = 1 ⇔ j = σ(i).

Definition 1.3. (See [5], Definition 2.4.) Let A and B be two order m dimension n ten-
sors. We say that A and B are diagonal similar, if there exists some invertible diagonal 
matrix D of order n such that B = D−(m−1)

AQ.

About the matrices P and Q in Definition 1.1, [5] showed the following proposition.

Proposition 1.4. (See [5], Remark 2.1.) If P and Q are two matrices of order n with 
P IQ = I, where I is the order m dimension n unit tensor, then both P and Q are 
invertible matrices.



Download English Version:

https://daneshyari.com/en/article/4599454

Download Persian Version:

https://daneshyari.com/article/4599454

Daneshyari.com

https://daneshyari.com/en/article/4599454
https://daneshyari.com/article/4599454
https://daneshyari.com

