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1. Introduction

Unless stated otherwise, we follow [1] for terminology and notations, and we consider
finite connected simple graphs. In particular, denote V(G) = {vy,---,v,} the vertex set
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Fig. 1. Graphs G1 — G13 and Ws.

of G, E(G) the edge set of G. For a graph G = (V, E), two vertices are called adjacent
if they are connected by an edge. |V(G)| is always called the order of G and |E(G)] is
always called the size of G. For S C V(G), let G[S] denote the subgraph induced by S.
A graph is {Hy, Ha, - - -, H }-free if it contains no induced subgraph isomorphic to any
H,fori=1,--- k.

Let G be a connected graph. The distance matrix D(G) is nonnegative and irreducible,
so the eigenvalues of D(G) are real and we can order the eigenvalues as A1 (D) > A2(D) >

- > Ap(D). The largest eigenvalue of D(G) is called the distance spectral radius of G,
denoted by A1(D) and A, _1(D) is called the second smallest D-eigenvalue. The positive
unit eigenvector corresponding to A1 (D) is called the Perron vector of D(G). There are
a lot of papers about the distance spectral radius, see [4,5,8,9,11,12].

The complete product G1VGs of graphs GG and G5 is the graph obtained from G UG2
by joining every vertex of G with every vertex of Gs. Let K, denote the complete graph
on n vertices, and let W,, = K; V Cp,_; denote the wheel graph. Let K, ..., denote
the complete k-partite graph. Lin et al. [7] showed that A\, (D(G)) = —2 if and only if
G = Ky, ... n,, and the result is independently proved by Yu [10] in a different way. Let
K{, = K,V (Ks;UK;) with r > 1. We first give the following two theorems.

Theorem 1.1. Let G be a connected graph with order n and D be the distance matriz
of G. If n > 4, then \,,_1(D) < —1 and the equality holds if and only if G = K, with
r>1.

Theorem 1.2. Let G be a connected graph with order n and D be the distance matriz

of G. (See Fig. 1.)

(1) If n =4, then Aa(D) < —1 unless G is one of {G; |i=1,---,5}.
(2) If n =75, then A3(D) < —1 unless G is one of {G; | i =6,---,12}.
(3) If n =6, then \y(D) < —1 unless either G = Wy or G = G13

(4) If n > 7, then A\p—a(D) <
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