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Let Gσ be an oriented graph and Ps(Gσ; x) = det(xI−S(Gσ))
be the skew-characteristic polynomial of its skew-adjacency 
matrix S(Gσ). The skew-energy of Gσ is defined to be the 
sum of the absolute values of eigenvalues of S(Gσ). In this 
paper, we firstly find a novel relation between the coefficients 
of skew-characteristic polynomial of unicyclic graph with the 
third largest skew-energy and bicyclic oriented graphs, and 
then use it along with other techniques to characterize the 
bicyclic oriented graphs with the second largest skew-energy.

© 2014 Elsevier Inc. All rights reserved.

✩ Supported by National Natural Science Foundation of China for Young Scholar (No. 11101232) and 
China Postdoctoral Science Foundation (No. 2014M550137).
* Corresponding author.

E-mail addresses: jfwang@aliyun.com (J. Wang), lzhao@aliyun.com (L. Zhao), yechf@qhnu.edu.cn
(C. Ye).

http://dx.doi.org/10.1016/j.laa.2014.06.053
0024-3795/© 2014 Elsevier Inc. All rights reserved.

http://dx.doi.org/10.1016/j.laa.2014.06.053
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/laa
mailto:jfwang@aliyun.com
mailto:lzhao@aliyun.com
mailto:yechf@qhnu.edu.cn
http://dx.doi.org/10.1016/j.laa.2014.06.053
http://crossmark.crossref.org/dialog/?doi=10.1016/j.laa.2014.06.053&domain=pdf


44 J. Wang et al. / Linear Algebra and its Applications 459 (2014) 43–57

1. Introduction

In theoretical chemistry, the energy of a given molecular graph is related to the total 
π-electron energy of the molecule represented by that graph. Consequently, the graph 
energy has some specific chemistry interests and has been extensively studied, since the 
concept of the energy of simple undirected graphs was introduced by Gutman in [7]. For 
details we refer the reader to the survey [8] and the book [12].

Recently, the skew-energy, introduced by Adiga et al. [1], drew many researchers’
attention. Let G be a simple undirected graph with vertex set V (G) = {v1, v2, · · · , vn}
and edge set E(G), and let Gσ be an oriented graph of G with the orientation σ, which 
assigns to each edge of G a direction so that the induced graph Gσ becomes an oriented 
graph or oriented graph. The skew-adjacency matrix of Gσ is the n ×n matrix S(Gσ) =
[sij ], where sij = 1 and sji = −1 if (vi, vj) is an arc of Gσ; otherwise sij = sji = 0. Then 
the skew-energy ES(Gσ) is defined as the sum of the absolute values of all the eigenvalues 
of S(Gσ). The characteristic polynomial det(xI − S(Gσ)) of the skew adjacency matrix 
S(Gσ) of an oriented graph Gσ is called the skew-characteristic polynomial of Gσ, written 
as PS(Gσ; x) =

∑n
k=0 bk(Gσ)xn−2k. Since S(Gσ) is a real skew symmetric matrix, we 

have b2k(Gσ) ≥ 0 and b2k+1(Gσ) = 0 for all 0 ≤ i ≤ �n
2 � (see [6]). Then we have
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By the coefficients of PS(Gσ; x), the skew energy ES(Gσ) can be expressed by the fol-
lowing integral formula as follows [11]:
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Thus ES(Gσ) is a strictly monotonically increasing function of b2k(Gσ), k = 0, 1, . . . , �n
2 �. 

Consequently, if Gσ1 and Hσ2 are oriented graphs with

b2k
(
Gσ1

)
≥ b2k

(
Hσ2

)
for each k (1)

for each k (0 ≤ k ≤ �n
2 �), then

ES
(
Gσ

)
≥ ES

(
Hσ

)
. (2)

Equality in (2) is attained only if (1) is an equality for all 0 ≤ k ≤ �n2 �. If the inequalities 
(1) hold for all k, then we write G � H or H � G. If G � H, but not H � G, then we 
write G � H. That is exactly the quasi-order relation defined by Gutman and Polansky 
[9] on graph energy, which is generalized to the skew-energy of oriented graph.

Let Pn and Cn be respectively the path and the cycle of order n. The disjoint union 
of graphs G and H is denoted by G ∪ H, and kG stands for the disjoint union of k
copies of G. If W be a subset of V (G) and W = V (Gσ)\W , then the orientation 

−−→
G′ of G
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