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1. Introduction

Let S, be the symmetric group of degree n, G an arbitrary subgroup of S, and x : G — C acomplex
valued function defined on G. Also denote by M, (C) the set of all n-by-n matrices over C. We define
the function dg : My (C) — C as follows:

d5A) = x(0) Haia(i),

oeG i=1

where A = (a;;) € My(C). The function dg is called the generalized matrix function associated with G
and x. Note that if G = S, and x = 1¢ is the principal character of G, then dg is the permanent and
if G = Sy and x = ¢ is the alternating character of G, then df( is the determinant. It is trivial that if x
and ¢ are two complex valued functions defined on G and A € C, then dg;( thp = dg + Adg. We refer
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the reader to [2] and [3] for more deep information about generalized matrix functions. Throughout,
let ¥ be an extension of x to S, which vanishes outside of G. It is obvious that dg = d;”.
In this paper we give a necessary and sufficient condition for the equality of two generalized matrix

functions. In particular, we show that if H C K are subgroups of S;;, and if ¢ and v are irreducible
characters of H and K, respectively, then dg A) = df/i (A) for all singular matrices Aif and only if H = K

and ¢ = Y.

2. Main results

Foro € Sy, letFix(o) = {i : 1 < i < n, (i)o = i} be the set of fixed points of o and I(c) =
n — |Fix(o)|. Note that for all 0 € S, we have [(o) # 1. Also, let A, be the permutation matrix
induced by o and Ejj be an standard matrix unit, i.e. the matrix which has 1 in the (i, j)th entry and
zeros elsewhere. The following theorem whose proof is based on a beautiful induction shows that
the only generalized matrix functions which act like the determinant are the scalar multiples of the
determinant.

Theorem 2.1. Let G < Sy and x : G — C be a nonzero function. Then the following are equivalent:
(i) dg (A) # 0 for all nonsingular matrices A;

(ii) dg (A) = 0 for all singular matrices A;

(iii) G = Sy and x = x(1)e.

Proof. If (iii) holds, then dg = x (1) det and so we obtain (i) and (ii).

Now we may assume that the case (i) or (ii) holds. First we claim that x (o) = x(1)e(o) forallo € S;,.
Note that in case (i), forallo € S,

0 # df (As) = d (A5) = % (0),

showing that G = S, and so ¥ = x.
We now prove the claim by induction on I(c). If [(c) = 0, then 0 = 1 and the result follows.
Suppose that (o) > 2 and the assertion is true for all T € S, with I(t) < [(0).letoc = 010
be the decomposition of ¢ into the nontrivial disjoint cycles and let 6y = (a; - - - a5). By choosing the
permutation 7 to be (aja;)o we have that o is even iff T is odd, and so e(0) = —&(t). Moreover,
I(t) = l(0)—2ifs = 2,andI(7) = I(0)—1 otherwise. Thus, by induction, we have x (1) = x (1)e(7).
Define the matrix A as follows:
4 | A T+ Eae, s =2

As + Eqya; + ®Eg,q, otherwise ’

Since det(A) = (o) + a&(t), so A is nonsingular iff o 7 1. Also,
d5(A) = d7(A) = £(0) + @R (),

In case (i), we have x (0) = — x (t) since otherwise by takinga = —x (0)/x (t), we obtain dg A) =
0, which is a contradiction. Therefore,

x(0) = —x (1) = —x(Me(r) = x(De(o),

completing the proof of the theorem in this case.
In case (ii) by taking « = 1, we have d§ (A) = 0. Therefore,

X(0) = —x(r) = —x(e(r) = x(De(0),

completing the proof of the claim. Now since x is a nonzero function, we have x (1) # 0, and so
G=Spand x = x(1)e. O
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