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Let H and K be arbitrary subgroups of the symmetric group Sn and

let ϕ and ψ be irreducible characters of H and K , respectively. The

main result of this paper is that the twogeneralizedmatrix functions

dHϕ and dKψ are equal on the set of singular matrices if and only if

ϕH∩K = ψH∩K and both of ϕ andψ vanish outside of H ∩ K .

© 2012 Elsevier Inc. All rights reserved.

1. Introduction

Let Sn be the symmetric group of degree n,G an arbitrary subgroup of Sn, andχ : G → C a complex

valued function defined on G. Also denote by Mn(C) the set of all n-by-n matrices over C. We define

the function dGχ : Mn(C) → C as follows:

dGχ (A) = ∑
σ∈G

χ(σ)
n∏

i=1

aiσ(i),

where A = (aij) ∈ Mn(C). The function dGχ is called the generalized matrix function associated with G

and χ . Note that if G = Sn and χ = 1G is the principal character of G, then dGχ is the permanent and

if G = Sn and χ = ε is the alternating character of G, then dGχ is the determinant. It is trivial that if χ

and ϕ are two complex valued functions defined on G and λ ∈ C, then dGχ+λϕ = dGχ + λdGϕ.We refer

< This paper is published as part of a research project supported by the University of Tabriz Research Affaires Office (S/27/2257-1).∗ Corresponding author.

E-mail addresses: jafari@tabrizu.ac.ir (M.H. Jafari), a-madadi@tabrizu.ac.ir (A.R. Madadi).

0024-3795/$ - see front matter © 2012 Elsevier Inc. All rights reserved.

Linear Algebra and its Applications 456 (2014) 16–21

http://dx.doi.org/10.1016/j.laa.2012.04.027

Available online 14 May 2012

http://www.sciencedirect.com/science/journal/00243795
www.elsevier.com/locate/laa
mailto:jafari@tabrizu.ac.ir
mailto:a-madadi@tabrizu.ac.ir
http://dx.doi.org/10.1016/j.laa.2012.04.027
http://dx.doi.org/10.1016/j.laa.2012.04.027
http://crossmark.crossref.org/dialog/?doi=10.1016/j.laa.2012.04.027&domain=pdf


the reader to [2] and [3] for more deep information about generalized matrix functions. Throughout,

let χ̂ be an extension of χ to Sn which vanishes outside of G. It is obvious that dGχ = d
Sn
χ̂
.

In this paperwe give a necessary and sufficient condition for the equality of two generalizedmatrix

functions. In particular, we show that if H ⊆ K are subgroups of Sn, and if ϕ and ψ are irreducible

characters ofH and K , respectively, then dHϕ(A) = dKψ(A) for all singularmatrices A if and only ifH = K

and ϕ = ψ.

2. Main results

For σ ∈ Sn, let Fix(σ ) = {i : 1 � i � n, (i)σ = i} be the set of fixed points of σ and l(σ ) =
n − |Fix(σ )|. Note that for all σ ∈ Sn, we have l(σ ) �= 1. Also, let Aσ be the permutation matrix

induced by σ and Eij be an standard matrix unit, i.e. the matrix which has 1 in the (i, j)th entry and

zeros elsewhere. The following theorem whose proof is based on a beautiful induction shows that

the only generalized matrix functions which act like the determinant are the scalar multiples of the

determinant.

Theorem 2.1. Let G � Sn and χ : G → C be a nonzero function. Then the following are equivalent:

(i) dGχ (A) �= 0 for all nonsingular matrices A;

(ii) dGχ (A) = 0 for all singular matrices A;

(iii) G = Sn and χ = χ(1)ε.

Proof. If (iii) holds, then dGχ = χ(1) det and so we obtain (i) and (ii).

Nowwemay assume that the case (i) or (ii) holds. Firstwe claim that χ̂(σ ) = χ(1)ε(σ ) for allσ ∈ Sn.

Note that in case (i), for all σ ∈ Sn,

0 �= dGχ (Aσ ) = d
Sn
χ̂
(Aσ ) = χ̂ (σ ),

showing that G = Sn, and so χ̂ = χ .
We now prove the claim by induction on l(σ ). If l(σ ) = 0, then σ = 1 and the result follows.

Suppose that l(σ ) � 2 and the assertion is true for all τ ∈ Sn with l(τ ) < l(σ ). Let σ = σ1 · · · σr
be the decomposition of σ into the nontrivial disjoint cycles and let σ1 = (a1 · · · as). By choosing the

permutation τ to be (a1a2)σ we have that σ is even iff τ is odd, and so ε(σ ) = −ε(τ ). Moreover,

l(τ ) = l(σ )−2 if s = 2, and l(τ ) = l(σ )−1otherwise. Thus, by induction,wehave χ̂(τ ) = χ(1)ε(τ ).
Define the matrix A as follows:

A =
⎧⎨
⎩ Aσ + αEa1a1 + Ea2a2 if s = 2

Aσ + Ea1a3 + αEa2a2 otherwise
.

Since det(A) = ε(σ )+ αε(τ), so A is nonsingular iff α �= 1. Also,

dGχ (A) = d
Sn
χ̂
(A) = χ̂(σ )+ αχ̂(τ ).

In case (i), we have χ(σ) = −χ(τ) since otherwise by taking α = −χ(σ)/χ(τ), we obtain dGχ (A) =
0,which is a contradiction. Therefore,

χ(σ) = −χ(τ) = −χ(1)ε(τ ) = χ(1)ε(σ ),

completing the proof of the theorem in this case.

In case (ii) by taking α = 1, we have dGχ (A) = 0. Therefore,

χ̂(σ ) = −χ̂ (τ ) = −χ(1)ε(τ ) = χ(1)ε(σ ),

completing the proof of the claim. Now since χ is a nonzero function, we have χ(1) �= 0, and so

G = Sn and χ = χ(1)ε. �
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