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The energy of a graph is the sum of the absolute values of
the eigenvalues of the graph which is used to approximate
the total π-electron energy of the molecule. In this paper, we
determine the (n, e)-graphs with minimal energy for e = n+1
and n+2, which is giving a complete solution to the conjecture
for e = n + 1 and e = n + 2 proposed by Caporossi et al.
in [4]. Moreover, we determine the graphs with the minimal
and second-minimal energies for n − 1 ≤ e ≤ 3n

2 − 3, and
the unique graph with minimal energy for 3n−5

2 ≤ e ≤ 2n− 4
among all quasi-trees with n vertices and e edges, respectively.
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1. Introduction

Let G be a simple graph with n vertices. The energy of G was first defined by Gutman
in 1978 as the sum of the absolute values of the eigenvalues of G [6]:

E(G) =
n∑

i=0

∣∣λi(G)
∣∣,

where λ1(G), λ2(G), . . . , λn(G) are the eigenvalues of G.
Let A(G) be the adjacency matrix of G, φ(G,λ) =

∑n
i=0 aiλ

n−i be the characteristic
polynomial of A(G). Then E(G) can be also expressed as the Coulson integral formula [8]
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dx. (1)

Since the energy of a graph can be used to approximate the total π-electron energy of
the molecule, it has been intensively studied by some researchers (see [4,6,9,12,13,15,16,
19–22]). For details and an overview of the results on graph energy, we refer to the recent
book by Li, Shi, and Gutman [3] or the review papers [5,7].

A connected graph with n vertices and e edges is called an (n, e)-graph. We call an
(n, e)-graph a unicyclic graph, a bicyclic graph and a tricyclic graph if e = n, n + 1 and
n + 2, respectively. A graph G is called a quasi-tree, if there exists a vertex w ∈ V (G)
such that G−w is a tree. Let Sn,e be the graph obtained by the star Sn with e− n+ 1
additional edges all connected to the same vertex, and Bn,e be the bipartite (n, e)-graph
with two vertices on one side, one of which is connected to all vertices on the other side.

Many results on the minimal energy have been obtained for various classes of graphs.
In [4], Caporossi et al. posed the following conjecture:

Conjecture 1. Among all connected graphs G with n ≥ 6 vertices and n−1 ≤ e ≤ 2(n−2)
edges, the graph with minimum energy is Sn,e for e ≤ n+�(n−7)/2�, and Bn,e otherwise.

In [4], they also confirmed the conjecture for e = n − 1 and e = 2(n − 2). Li et al.
[14] showed that Bn,e is the unique bipartite graph with minimal energy for e ≤ 2n− 4.
Hou confirmed the conjecture for e = n [9] and showed that Sn,n+1 is the unique bicyclic
graph with minimal energy among all n-vertex connected bicyclic graphs with at most
one odd cycle [10]. Zhang and Zhou [11], Li et al. [17] partially solved Conjecture 1
for e = n + 1 and e = n + 2, respectively. For all graphs G on n vertices and e edges
which contain no disjoint odd cycles of lengths k and l with k + l ≡ 2 (mod 4), Zhang
and Zhou [11] showed that Sn,n+1 is the unique bicyclic graph with minimal energy,
and Li et al. [17] proved that Sn,n+2 is the unique tricyclic graph with minimal energy,
respectively.
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