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In this paper, we study the subnormality of 2-variable
weighted shifts using the Schur product techniques in matrices
and the convolution of two continuous functions. As a
consequence, we find the Berger measure of the subnormal
weighted shift obtained from the Schur product of two
subnormal weighted shifts. As applications, we first give
non-trivial, large classes satisfying the Curto—Muhly—Xia
conjecture (see the conjecture given below) for 2-variable
weighted shifts. We next show when the 2-hyponormality of
2-variable weighted shifts becomes subnormality.

© 2014 Elsevier Inc. All rights reserved.

* The first named author was partially supported by Basic Science Research Program through the
National Research Foundation of Korea (NRF) funded by the Ministry of Education, Republic of Korea

(2013R1A1A2011574).

** The second named author was partially supported by a Faculty Research Council Grant at the University

of Texas—Pan American.
* Corresponding author.

E-mail addresses: kim2@snu.ac.kr (J. Kim), yoonjQutpa.edu (J. Yoon).
URL: http://faculty.utpa.edu/yoonj/ (J. Yoon).

http://dx.doi.org/10.1016/j.1aa.2014.04.013
0024-3795/© 2014 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.laa.2014.04.013
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/laa
mailto:kim2@snu.ac.kr
mailto:yoonj@utpa.edu
http://faculty.utpa.edu/yoonj/
http://dx.doi.org/10.1016/j.laa.2014.04.013
http://crossmark.crossref.org/dialog/?doi=10.1016/j.laa.2014.04.013&domain=pdf

J. Kim, J. Yoon / Linear Algebra Appl. 458 (2014) 174—-191 175

1. Introduction

For matrices A,B € M,(C), we let A o B denote their Schur product, where
(Ao B);; = (A);(B);; for 1 < 4,5 < n. For bounded sequences of positive real
numbers o = {a,}52, and 8 = {68,152, the Schur product of o and § is defined by
aof = {anBn}2,. The following result is well known: If A > 0 and B > 0, then
Ao B > 0 [30]. Thus, for given two l-variable subnormal weighted shifts W, and W,
their Schur product W, o Wps, which we denote by W,.g, is subnormal. That is, for
each k > 1, if W, and W3 are k-hyponormal 1-variable weighted shifts, then the Schur
product Woos = W, o Wj is also a k-hyponormal 1-variable weighted shift [16]. In an
entirely similar way we can define the Schur product of two 2—Var1able Welghted shifts
R = (Rl,Rg) and S := (51, S2) with, respectively, weights o = (a kz),ﬁ ", kz)) and
B = ( k1 ko) B3 (kr k) ) for (k1, ko) € Z2. That is, we define the Schur product of R and S

by RoS := (R;051, R20S3) with weights ao8 := (« Elle)l e Ei)l k2)7ﬂ((;i’kz)ﬁ((ilb))gibzo
(see the weight diagram given in Fig. 1). In [33], the second author of this paper extended
the result for 1-variable case given above to 2-variable weighted shifts (see Theorem 3.2
given below).

We recall a well known characterization of subnormality for 2-variable weighted shifts
T = (T1,T2) = Wia,p) [24], due to C. Berger (cf. [5, I11.8.16]): W(4 5) admits a commuting
normal extension if and only if there is a probability measure u (called the Berger measure
of Wa,p)) defined on the 2-dimensional rectangle R = [0, a1] x [0, az] (where a; := ||T;||?)
such that

Vikr ko) Wea,8)) = /skltk"’d,u(s,t), for all (k1,ke) € Zﬁ_ (called Berger theorem),
R

(1)

where V(x, k) (W(a,5)) is the moment of order (&1, ko) for Wi, 5) (see (4) given below). If
T = W,, that is, for 1-variable weighted shifts, W,, is subnormal if and only if there exists
a probability measure &, supported in [0, [|[Wq|[?] such that v, (Wa) := af---aj _; =
[ sk1dg,(s) for all kg > 1.

By the results in [16, Corollary 2.4], [33, Theorem 2.1] and Berger theorem, it is

natural to consider the following problems:

Problem 1.1. (i) If W, and Wj are both subnormal, then their Schur product Wyos =
W, o W3 is subnormal. In this case, what is the Berger measure of W,og7?

(ii) If R and S are both subnormal, then their Schur product R oS is also subnormal.
In this case, what is the Berger measure of R o S?

This paper considers the problems given above in Theorems 4.1, 4.2 in Section 4.
We consider an old problem in operator theory, the so-called Lifting Problem for
Commuting Subnormals (LPCS): given a commuting pair of subnormal operators on a
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