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1. Introduction

For a positive integer n, let [n] = {1,...,n}. An order k tensor A = (a;...;;,) €
Croxxmk is a multidimensional array with nq - - - ng, entries, where i; € [n;], j =1,..., k.
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We sometimes write a;,...;, as @ o, Where a = ig---i. When k = 2, A is an n; X ngy

k
matrix. If ny = --- = ng = n, then A is an order k dimension n tensor. Recently the
research on tensors has attracted extensive attention [1,2,4-6,10-13].

Now we introduce the following product of tensors.

Definition 1.1. Let A € C™1xm2XX"2 apnd B € C"2X " *"+1 be order m > 2 and k > 1
tensors, respectively. The product AB is the following tensor C of order (m—1)(k—1)+1
with entries:

Ciay.omo1 = E Qiig..ivyVisar = Dipnam_1>

12,..nyim € [N2]

where i € [n1], a1,...,am—1 € [Ng] X -+ X [Ng41].

In the above definition, if ny = ny = -++ = ngy1 = n, then AB is the tensor prod-
uct introduced in [4,11]. The tensor product defined in Definition 1.1 has the following
properties:

(1) (A1 + A2)B = A1B + A3, where A, Ay € C1xm2xxm2 3 CneX XMkt

(2) A(By + Bg) = ABy + ABg, where A € C™M*"2 By, By € Cn2x X Mht1,

(3) Al,, = A, I,,B = B, where A € C1xn2Xxn2 g ¢ Cr2xXnkt1 [ ig the identity
matrix of order ns.

(4) A(BC) = (AB)C, where A € CmXm2X=xn2 | B Craxmox=xns (¢ Crox=xnr,

Clearly parts (1)—(3) follow from Definition 1.1. Part (4) will be proved at the beginning
of Section 2.

The unit tensor of order m and dimension n is the tensor Z = (J;,4,...4,,) such that
Oiyigei,, = 1if 41 =dg =+ =1y, and 0;,4,...;,, = 0 otherwise.

Definition 1.2. Let A be a tensor of order m and dimension n, and let B be a tensor of
order k and dimension n. If AB = Z, then A is called an order m left inverse of B, and B
is called an order k right inverse of A.

The Segre outer product of a; € C" ... ap € C™ denoted by a1 ® - -+ ® ay, is the
tensor A € C™ > %™ with entries a;,...;, = (a1)i, -+ (ak)i,- A tensor A € CM > xmk
is said to have rank one if there exist nonzero a; € C™ (i = 1,...,k) such that A =
a1 ® -+ Q@ ag. The rank of a tensor A, denoted by rank(.A), is defined to be the smallest
r such that A can be written as a sum of r rank one tensors. If A = 0, then rank(A4) =0
(see [8]).

In this paper, some basic properties for order 2 left (right) inverse and product of
tensors are given. We also obtain some results on rank of tensors and hypergraphs.
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