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Nearly positive matrices are nonnegative matrices which,
when premultiplied by orthogonal matrices as close to the
identity as one wishes, become positive. In other words, all
columns of a nearly positive matrix are mapped simultaneous-
ly into the interior of the nonnegative cone by multiplication
by a sequence of orthogonal matrices converging to the
identity. In this paper, nearly positive matrices are analyzed
and characterized in several cases. Some necessary and some
sufficient conditions for a nonnegative matrix to be nearly
positive are presented. A connection to completely positive
matrices is also presented.
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1. Introduction

Consider the cone of nonnegative vectors in the m-dimensional space R7* = {x € R™,

x > 0}. Any nonzero vector v in its boundary is nonnegative, but not positive. It is

not hard to see that an infinitesimal rotation in the appropriate direction can bring this

* Corresponding author.

E-mail addresses: bshader@uwyo.edu (B. Shader), nomi@tx.technion.ac.il (N. Shaked-Monderer),

szyld@temple.edu (D.B. Szyld).

L Supported in part by the U.S. National Science Foundation under grant DMS-1115520.

http://dx.doi.org/10.1016/j.1aa.2014.01.027
0024-3795/© 2014 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.laa.2014.01.027
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/laa
mailto:bshader@uwyo.edu
mailto:nomi@tx.technion.ac.il
mailto:szyld@temple.edu
http://dx.doi.org/10.1016/j.laa.2014.01.027
http://crossmark.crossref.org/dialog/?doi=10.1016/j.laa.2014.01.027&domain=pdf

B. Shader et al. / Linear Algebra and its Applications 449 (2014) 520-544 521

vector into the interior of the cone R'". In other words, one can build a sequence of
orthogonal matrices Q(¢) such that limy_, ., Q(¢) = I with the property that Q(¢)v > 0
for every /.

For two non-orthogonal nonnegative vectors u and v, one can also build a sequence
of orthogonal matrices, such that both Q(¢)u > 0 and Q(¢)v > 0 for every ¢ [7, Theo-
rem 6.12]. The existence of such a sequence was used in [7] to study topological properties
of the set of matrices having a Perron—Frobenius property; see also [6].

Several natural questions arise from the above-mentioned results. The first of such
questions which we address in this paper is: Can one build such a sequence to bring
any set of more than two non-orthogonal vectors in the boundary of the nonnegative
cone into its interior simultaneously? As we shall see, the answer is ‘yes’ for up to three
vectors, but ‘no’ for four or more vectors. More specifically, let us call an m x n matrix
A nearly positive provided there exists a sequence of orthogonal matrices Q(¢) such that

Zlim QU)=1 and QM)A > O for every ¢,
— 00

where the last inequality is understood entrywise. Note that the condition Q(¢)A > O is
equivalent to Q(¢)a; > 0 for every i, where ay, . ..,a, € R™ are the columns of A. In this
paper we characterize nearly positive matrices, and study their properties. In particular,
we present some necessary and some sufficient conditions for a nonnegative matrix to be
nearly positive. A connection to completely positive matrices is also presented, and used
to deduce certain results on nearly positive matrices.

We use the following notation: O denotes a zero matrix, I the identity matrix, and
J a matrix of all ones. When we want to stress the order or size of the matrix we add
it as a subscript; e.g. I,, stands for the n x n identity matrix and O,,x, is the m x n
zero matrix. A vector of all ones is denoted by 1, and a zero vector is denoted by 0. The
Hadamard (entrywise) product of two matrices A and B of the same order is denoted by
Ao B, and the direct sum of two matrices by A @ B. The inner product of two matrices
of the same order is the Frobenius inner product (A, B) = trace(ABT). Whenever we
consider a norm of a matrix, we mean the Frobenius norm [|A| = /trace(AAT).

2. A necessary condition

In this section, we present a simple necessary condition, together with some sufficient
conditions for a nonnegative matrix to be nearly positive.
We begin with a few simple observations.

Proposition 2.1. Let A be an m X n nonnegative matric.

(a) If P is an m x m permutation matriz, then A is nearly positive if and only if PA is
nearly positive.
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