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1. Introduction
In this paper we consider the following matrix
T -1 0
—Ap =n? (11)

I T Jp-12xm-1)2
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where [ is the (n — 1) x (n — 1) identity matrix and T is an (n — 1) x (n — 1) matrix given by
4 -1
-1 4 -1
T = , (1.2)
-1 4 -1
=1 4 du—1yxm-1
where n > 2 is an integer, and the notation —Aj, follows from the convention.

The matrix —Aj defined in (1.1) plays an important role in solving the two-dimensional Pois-
son equation by using finite difference approximation. More specifically, a two-dimensional Poisson
equation has the form:

—Au=f onS§$2,
along with some given boundary condition. Here £2 is an open bounded domain of R? and
CEEE
= —_— + _—
axz 0y

is the Laplacian in two dimensions.
Let £2 be an open unit square and 2 = {(x,y), 0 <x,y < 1}. We denote the boundary of §2 by
d52. Consider the Poisson equation

—Au=f inside £, u=0 onads.

We take a uniform grid of size h =1/n, where n > 2 is a positive integer. Let
2y = {xij = (ih, jh), 1<i, j<n—1}

denote the set of interior grid points and

denote the boundary grid points. The finite difference method seeks the solution of the PDE at the
grid points in £2. Under the above setting, the (n — 1)? unknowns are ujj =u(h, jh), 1<i, j<n—1.
By applying the Taylor expansions at grid points, one can obtain (n — 1)? equations by approximating
the differential equation by a finite difference approximation at each interior point as

Aujj — Ujpr,j — Ui—1,j — Uj j+1 — Ui j-1
h2
which is called the five-point stencil in standard numerical analysis textbooks (e.g., see [9]). According
to the boundary condition, we know ug; = uyj = ujo = uj, = 0. If we arrange the unknowns as

=fij=fQp, 1<i,j<n—1,

T
up = [u11,...,Un—1,1,U12, -+, Un—1,2, - - -, Up—1,n—1]
and arrange the value of the function f on the grid points as
T
fr=1f11,..., fac11, f12, oo, fam1 20 oo os famin—1l,
then we have the following discrete Poisson equation
—Apup =1y

which is a system of linear equations, where —Aj, is defined by (1.1). It is well known that the matrix
— Ay, is invertible (we also will show it under our framework). Thus the discrete Poisson equation has
a unique solution

up = (—Ap) .
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