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Let σ = (1, λ2, . . . , λn) be a list of real numbers. The symmet-
ric doubly stochastic inverse eigenvalue problem (hereafter
SDIEP) is to determine the list σ which can occur as the
spectrum of an n× n symmetric doubly stochastic matrix A.
If the matrix A is positive, we can necessarily obtain a
subproblem, symmetric positive doubly stochastic inverse
eigenvalue problem (hereafter SPDIEP), of the SDIEP. In this
paper, we give some sufficient conditions for the SDIEP and
SPDIEP and prove that the set formed by the spectra of all
n × n symmetric positive doubly stochastic matrices is non-
convex for n � 4.
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1. Introduction

A real square matrix with nonnegative entries all of whose row sums or column sums
are equal to 1 is referred to as stochastic. Moreover, if all of its row sums and column
sums are equal to 1, then it is said to be doubly stochastic. A real matrix A = (aij)n×n

is said to be generalized symmetric doubly stochastic if it is symmetric and all its row
sums and column sums are the same constant, say α, i.e.

n∑
i=1

aij =
n∑

j=1
aij = α, i, j = 1, . . . , n.

The theory of doubly stochastic matrices has been the subject of numerous investiga-
tions as it arises in a variety of applications in different fields, such as probability and
statistics, communication theory, combinatorics and graph theory (see, e.g., [1,2,8,13]),
etc. For this theory, there exists an interesting and challenging research topic: SDIEP.
It is a subproblem of the doubly stochastic inverse eigenvalue problem, which asks the
necessary and sufficient conditions for a list σ = (1, λ2, . . . , λn) of complex numbers to be
the spectrum of an n× n doubly stochastic matrix. All the above problems have drawn
considerable interest (see, [2,3,5–7,10–12,14–32] and the references therein). So far, the
SDIEP has only been solved for the case n = 3 by Perfect and Mirsky [21]. The case
n = 4 for symmetric doubly stochastic matrices of trace zero has also been solved by
them in the above reference. Subsequently, Mourad also solved the above case n = 4 by
a mapping and convexity technique in [16]. In this reference, the case n = 4 with trace
two is also solved. But a complete characterization is unknown for all real n-tuples, the
problem still remains open for the cases n = 4 with other nonzero trace and n � 5. The
difficulty lies in deriving necessary and sufficient conditions to complete this conundrum,
even if many sufficient conditions have appeared.

Until now, there are four methods to solve the SDIEP, i.e. constructing an idempo-
tent system [21], establishing Soules basis [27], Householder transformation [32] and fast
Fourier transformation [25,26]. As a matter of fact, for a real n-tuple σ = (1, λ2, . . . , λn)
all the methods require us to establish an n × n nonsingular matrix P and explore the
conditions under which A = P−1ΛP � 0 and can be symmetric doubly stochastic with
Λ = diag(1, λ2, . . . , λn). The Soules basis was first adopted by Elsner, et al. [6]. Sub-
sequently, in [12] and [20] the authors, via using Soules basis, discussed the convexity
of the set Rn of n-tuples of realizable spectra of nonnegative symmetric matrices. In
2009, Zhu, et al. [32] proposed the disadvantages of the Soules basis and fast Fourier
transformation and employed a new algorithm, Householder transformation. In 2012,
Mourad et al. [17] developed a novel algorithm to solve the SDIEP through constructing
a nonsingular matrix by Soules basis. But all the methods only apply to their respective
feasible region, not to the general cases. So this is the reason why the SDIEP has not
been solved completely.
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