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1. Introduction

Let G be a finite simple graph of order n with u as an eigenvalue of multiplicity k. (Thus the
corresponding eigenspace £(u) of a (0, 1)-adjacency matrix A of G has dimension k.) A star set for
in G is a subset X of the vertex-set V (G) such that |X| =k and the induced subgraph G — X does not
have 1 as an eigenvalue. In this situation, G — X is called a star complement for p in G. We use the
notation of [7], where the fundamental properties of star sets and star complements are established
in Chapter 5.

It is well known that if g % —1 or 0 and n > 4 then |X| < (";k) [1]; in particular, there are
only finitely many graphs with a prescribed star complement H for some eigenvalue other than 0
or —1. Certain graphs can be characterised by a star complement: for surveys, see [9] and [11]. More
generally, it is of interest to investigate properties of H that are reflected in G: connectedness is one
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such property, as noted in [8, Section 2]. Here we discuss k-connectedness for k > 1. In Section 2
we show that for each k € N there exists a non-negative integer F(k) with the following property:
if uw¢{—1,0}, H is k-connected and G has least degree §(G) > F(k) then G is k-connected. It is
straightforward to show that if f(k) is the smallest non-negative integer with this property, then
f(1)=0 and f(2) =2. In Sections 3 and 4 we show that f(3) =3, f(4) =5, f(5)=7 and 8 <
f(6)<20.

We take V(G) ={1,...,n}, and write u ~ v to mean that vertices u and v are adjacent. For
S C V(G), we write Gs for the subgraph induced by S, and As(u) for the S-neighbourhood {v € S:
v ~u}. For the subgraph H of G we write Ay (u) for Ay (u). Let P be the matrix of the orthogonal
projection of R" onto £(u) with respect to the standard orthonormal basis {e1, es, ..., e;} of R™.

We shall require the following properties of star sets and star complements; the first follows from
[7, Proposition 5.1.1].

Lemma 1.1. The subset S of V(G) lies in a star set for w if and only if the vectors Pe; (i € S) are linearly
independent.

Since P is a polynomial in A [7, Eq. 1.5] we have yuPe; = APe; = PAe; (i=1,...,n), whence:
Lemma 1.2. ;1 Pe; = iji Pej(i=1,...,n).
As a consequence of Lemmas 1.1 and 1.2 we have:

Lemma 1.3. (See [7, Proposition 5.1.4].) Let X be a star set for ;1 in G, and let H =G — X. If u ¢ {—1, 0}, then
V (H) is a location-dominating set in G, that is, the H-neighbourhoods Ay (u) (u € X) are non-empty and
distinct.

By interlacing [7, Corollary 1.3.12] we have:
Lemma 14. If S is a star set for i in G and if U is a proper subset of S then S \ U is a star set for ;t in G — U.

The next result strengthens [1, Theorem 2.3], which says that if G has H as a star complement of
order t, for an eigenvalue u ¢ {—1, 0}, then either (a) G has order at most (['51), or (b) w =1 and
G =K, or 2K;.

Proposition 1.5. Let G be a graph with X as a star set for i, and let H =G — X. Let s = | ;cx An (D).

(i) If|X| > s then Gx has p as an eigenvalue of multiplicity at least | X| — s.
(i) If ¢ (—1, 0} then |X| < (*3").

Proof. Since s < (S'ZH), the second assertion is immediate when |X| < s. Accordingly we assume
throughout the proof that |X| > s. We show first that u is an eigenvalue of Gx. Let S = J;cx An (i)
and X ={1,2,...,k}. By Lemma 1.2, the vectors Pe; — X{Pe;: je Ax(i)} (i € X) lie in the subspace
(Pey: heS), and so there exist o1, oz, ..., o, not all zero, such that

k
> ai(uPei — £{Pej: je Ax()})=0.
i=1

Since the vectors Pe; (i € X) are linearly independent, it follows that (ul — Ax)a =0, where a =
(1,02, ...,0,) " and Ay is the adjacency matrix of Gx.

Let Y be a star set for & in Gx and consider the graph G — Y. If |X| — |Y| > s then the above
argument shows that w is an eigenvalue of Gx\y. This is a contradiction because Gx\y is a star
complement for x4 in Gx. Hence |Y| > |X| —s, and we have proved the first assertion.
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