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for the case in which A is a symmetric, n x n matrix with real

q/gsgég entries, the vector field g : R" — R" is a bounded continuous
15A04 function, and A is a simple eigenvalue of the matrix A. In particular,
15A18 let u denote an eigenvector of A corresponding to A with |u| =1,
47H11 and assume that the real valued functions
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where (-,-) denotes the Euclidean inner product in R", are defined
on the unit sphere S = dB1(0), where B1(0) denotes the open unit
ball in R".

The main theorem in this work states that if p;(-,u) and p_(-,u)
are continuous in a neighborhood of the point u in S1, and

p+(u,u) <0< p_(u,u),

then the equation in (0.1) has at least one solution.
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1. Introduction

Let A denote a symmetric, n x n matrix with real entries. It is well known that the eigenvalues
of A are real and that there exists a basis for R" of eigenvectors of A that are mutually orthogonal
and that have Euclidean norm equal to 1; that is, there exists an orthonormal basis for R" made up
of eigenvectors of A. We denote the set of eigenvalues of A by o (A) and call it the spectrum of A.

It is also well known that, if A ¢ o (A), then the linear equation

Ax=Ax+Db (1.1)

has a unique solution for any b € R". On the other hand, if A € o (A), then the equation in (1.1) is
solvable if and only if the vector b is orthogonal to the vectors in the eigenspace, E;, corresponding
to A; in other words, the equation in (1.1) is solvable if and only if

(b,w)=0, forallwekE,, (1.2)

where (-,-) denotes the Euclidean inner product in R". However, in this case the solution is not
unique.

The preceding is a special case of the Fredholm Alternative for Matrices (in the case of symmetric
matrices) and the expression in (1.2) can be thought of as a solvability condition for the equation
in (1.1). In this note we would like to discuss some extensions of the Fredholm Alternative to the case
of the semilinear equation

Ax=)Ix+ g(x), (1.3)

where g :R" — R" is a continuous vector field.
It can be shown, using the Brouwer Fixed Point Theorem, for instance, that if A ¢ o (A) and g sat-
isfies the growth condition
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then the semilinear equation in (1.3) has at least one solution in R" (see Theorem 3.3 in Section 3.2
of this note). Thus, the first option in the Fredholm Alternative is obtained in the semilinear case,
except for the assertion of uniqueness. This is known as the nonresonance case.

The main goal of this paper is to show that the sufficiency part of the second option in the
Fredholm Alternative holds true for a special case of the semilinear equation in (1.3); specifically,
we will consider the case in which the vector field g: R" — R" is bounded and A € o (A) is a simple
eigenvalue of A; that is, dim(E;) =1.

Let u be a unit vector in E,. Assume that real valued functions

p+(w,u)= lim (g(rw),u), forallw e Sy, (1.4)
r—00
and
p—(w,u)=_lim (grw),u), forallw e S; (1.5)
r——00

can be defined on the unit sphere S; = dB1(0), where B1(0) denotes the open unit ball in R", We
will prove the following result:

Theorem 1.1. Suppose that A € o (A) and that X is a simple eigenvalue of A. Let u denote an eigenvector of A
corresponding to A with ||u|| = 1. Assume that the functions p4(-,u) : S1 — Rand p_(-,u) : S1 — R defined
in (1.4) and (1.5), respectively, are continuous in a neighborhood of the point u in Sy, and that

p+(u,u) <0< p_(u,u). (1.6)

Then, the equation in (1.3) has at least one solution.
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