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Ext-relations Z(g0) NZ((h1)o) = 9,

where gy = gj and with gy irreducible and prime to hg, then

i.e. gg and (h1)g do not have a common zero.
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1. Introduction

We consider algebras over an algebraically closed field, k, of characteristic 0. Of particular interest
for us here are the cases where the algebras are of the form k(x, y) /(f) for more results in this direction
see also [3,4].

As usual k(x,y) denotes the free algebra on two generators and 0 # f € k(x,y).
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We have the canonical epimorhism « from k(x,y) to the ordinary polynomialring k[x, y]. « (f) is
denoted by fy and we say f is a (noncommutative) model of the curve fy (or (fg)). (Note that a 1-
dimensional representation of the algebra can be considered as a point on the “commutative” curve
fo=0)

Clearly if one adds an element from the commutator ideal, ([x, y]), to f, one gets the same commu-
tative curve fp, i.e. the same 1-dimensional representations.

While for a commutative algebra, R, Ext,le (P,Q) = 0 for 2 non-isomorphic simple modules P and Q.
This is no longer the case for noncommutative algebras. The noncommutative situation is studied in
details in [3,4], where [4, Theorem 4] and [4, Theorem 5.2] give particular examples on how knowledge
of Ext)‘ (P, Q) for some simple 1-dimensional A-modules P and Q can give some information on the
ideal (f), where A = k(x,y)/(f).

In case we have f = ghygh;, for elements f,g,h; and h; € k(x,y), it readily follows from our
methods that with A = k(x,y)/(f),Ext}\ (P,Q) # 0 for all points P and Q from Z(gp). We prove a
sort of converse:

Suppose fo = gohp has a noncommutative model f with Ext}, (P,Q) # Oforall P,Q € Z(gp), then
g4 is a factor of f.

We apply the methods from above to factorization questions in the free algebra k(x,y):

As is well known the factorization

x1X2X1 + X1 = X1 (x2x1 + 1) = (x1x2 + 1)x4

shows that one does not have unique factorisation in the classical sense in k(x1, ..., Xn), but there is
a unique factorization theorem [1, Section 3.3].

We prove thatincasef = gh = h;g’hy, where gg isreduced and prime to hg, thenZ(gg) N Z((h1)o) =
.

2. First main result

For the readers convenience we start by recalling the following terminology from [3,4]:

Let S = k(x1,...,xm) denote the free k-algebra on m noncommuting variables. Let ¢p denote the
1-dimensional representation of S corresponding to a point P = (ay, . ..,an) € A}

We then get maps D;( ; P) € Dery (S, Homy(P,S)), defined by

Di(a; P) =0, whena €k, (1)

Di(x;; P) = §j;, (2)

Di(fg; P) = fDi(g; P) + Di(f; P)¢p(g). 3)
The element

Di(f; P)

is called the noncommutative k-th partial derivative of f with respect to the 1-dimensional represen-
tation of S determined by P and usually we write g(P) in stead of ¢p(g).

In the situation where A = k(x1,...,xn)/I and I is generated as a twosided ideal by f1,. .., f", the
left ideal of A generated by the images of the i-th partial derivatives of the generators is denoted by
Jf' TP,

this is independent of the choice of generators for I [3, Lemma 4.5] and one has the following [3,
Proposition 4.7]:

Let A = k(x1,...,xm)/I be a k-algebra and let ¢p and ¢¢ be two 1 dimensional representations of
A corresponding to points P and Q. Suppose P # Q then
dimkExt}l (P,Q) =m—1—rkj(I; P)(Q). (4)

Incasem = 2 and I = (f) we get:
Let A denote the algebra k(x,y)/(f) and let P and Q be two different points corresponding to
1-dimensional representations of A. Then
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