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Correlation matrices of yields and total positivity
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Abstract

It has been empirically observed that correlation matrices of forward interest rates have the first three
eigenvalues which are simple and their corresponding eigenvectors, termed as shift, slope and curvature
respectively, with elements presenting changes of sign in a regular way. These spectral properties are very
similar to those exhibited by Strictly Totally Positive and Oscillatory matrices. In the present paper we
investigate how these spectral properties are related with those characterizing the correlation matrices con-
sidered, i.e. the positivity and the monotonicity of their elements. On the basis of these relations we prove
the simplicity of the first two eigenvalues and provide an estimate of the second one.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

Since the middle of the eighties an intensive effort has been devoted to develop statistical
methods in order to describe the movements of the yield curve and to empirically justify some
important models based on one or more factors (see e.g. [8,9,20,21]). Principal component analysis
(PCA from now on) has turned out to be one of the most useful tools to find such factors.
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Consider a yield curve completely described by an n-dimensional vector of forward rates
corresponding to maturities t1 < t2 < · · · < tn. These forward rates can be assumed (see [13]) as
the components of a random vector (r.v.) XT = [X1, X2, . . . , Xn] with zero mean E[X] and unit
variances E[X2

i ]. This vector can be expressed as a linear transformation V Y of a n-dimensional r.v.
Y with uncorrelated elements (factors) Yj = VT

j X termed as (see [12]) the principal components
(PCs) of X. The vectors Vj , for j = 1, 2, . . . , n, are the normalized eigenvectors of the correlation
matrix R = E[X′X] of X and the corresponding eigenvalues λj are the variances of the PCs, taken
in decreasing order: λ1 � λ2 � · · · � λn � 0. The elements Vij of each vector Vj represent the
contribution of the ith original variable to the j th PC.

We want to mention here that PCA has been extensively used for applications both to fixed
income derivatives pricing and to risk management (as in [15,22]); several indices have been
introduced in literature to measure the risk related to yield curve dynamics, and several different
approaches have been presented to manage exposure of portfolios to such risk, but many of them
have been proved to be related to PCA in some way [7].

An interesting feature of the correlation matrices for forward rates is that they systematically
exhibit some structural properties which have a very simple financial explanation:

(a) interest rates at different maturities are always positively correlated;
(b) the correlation coefficients decrease when the distance between the indices increases: this

is a far obvious consequence of the decreasing degree of correlation when the variables are
more distant in time;

(c) the previous reduction in the correlation between variables corresponding to the same dif-
ference in the indices tends to decrease as the maturities of both the variables are greater.

It is important to stress at this point that in the PCA for yield curve models, given the high
degree of correlation between the variables involved, a small number of PCs can explain a large
part of the variability, i.e. if n is the dimension of X then

k∑
s=1

λs � tr(R) = n for k � n.

More precisely, the first three PCs are usually considered to be sufficient to account for the total
variability. Moreover, it has been empirically observed (see [20]) that the first eigenvector V1 has
approximately equal components, hence it is interpreted as the average level of the yield curve
and called the shift (or level); the second eigenvector V2 has elements approximately equal in
magnitude and opposite signs at the extremes of the maturity range and for this reason it is named
the slope of the yield curve; the third eigenvector V3 has components approximately equal at the
extremes of the maturity range and twice large and of the opposite sign in the middle, hence it is
generally called the curvature. It has been observed also that the eigenvalues of the correlation
matrices appearing in this context are always simple.

In this paper we study how the empirically observed results afore mentioned are related with
the structure of the correlation matrix of the data, by using some tools originally developed in the
framework of totally positive matrices (TP). TP matrices have been thoroughly investigated in the
past: we just mention the books by Gantmacher [3], Gantmacher and Krein [4], Karlin [10] and
the more recent review by Ando [1]. In particular, in [4] the applications to continuum mechanics
and the relations with oscillating systems have been systematically studied. A more detailed study
of the financial implications of the present approach will be the subject of a forthcoming paper.
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