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Abstract

We extend the well-known Chebyshev’s inequality to some new cases involving permanents under the
proper hypotheses. Our main results are

per(A © B) S perA perB
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As applications, we consider the problem of finding bounds of the ratios of two functions involving perma-
nents.
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1. Introduction and main results

We shall need the following symbols in the well-known monographs [1-3]:

X=X, x0,...,X); o:=(x1,02,...,0);

Xy =(X1Y1, X225 - -y XnYn);
x/y:=x1/y1, x2/y2, -« s Xn/¥n)s  Yi F0 (G =1,...,n);
R":=]—o00,00["; R} :=[0,00["; R} :=]0,00[".

For matrices A = (g, j)mxn and B = (b; j)mxn. We define the Haddamard product as A ©
B:=(a;,jbi, j)mxn, thatis, it is the componentwise product.

Besides these, throughout the paper it is assumed that n > 2.

The well-known Chebyshev’s inequality states: if a, b € R", and a; < ay < --- < ap, by <
by <--- < by, then

1 « 1 ¢ 1 ¢
;;aibi = (; ;ai) (; ;h)- (D

The inequality is reversed for by > by > --- > b,. In each case, equality holds in (1) if and only
ifaj=a=---=a,orby =by=---=b,.

Definition 1. Let A = (a;, j)nx» be ann x n matrix over acommutative ring. Then the permanent
(of order n) of A, written perA , is defined by

perA:= Z al,0(1)a2,0(2) * * " An,o(n)-
oeS,

The sum here extends over all elements ¢ of the symmetric group S, that is, over all permutations
of the numbers 1, 2, ..., n.

We shall use some symbols similar to those in [2,3]: let A = (a; j)mxn be an m X n matrix.
Then A(iy,i2,...,iplj1, j2, ..., jg) denotes the (m — p) x (n — g) submatrix obtained from
A by deleting its iyth, isth, ..., i,th rows and jith, jath, ..., j;th columns. For any n-square
matrix A = (@;,j)nxn, we will use the following lemma similar to Laplace’s expansion theorem
for determinants (see [2,3]):

Lemma 1. The expansion of the permanent according to the rth row or the sth column

n n
perA = Zar‘jperA(rU') = Zai,sperA(Hs) (r,s=1,2,...,n).
j=1 i=1

We shall generalize the inequality (1) to the following results (4) and (6).

Theorem 1. Let A = (a;, j)nxn and B = (b; j)nxn be two n x n matrices, and let a; j > 0 and
bij>0,i,j=12,....n1If
ai a; a
i < 02 <. < in ’
i1l Gitl2 Qiy1,n

i=1,2,...,n—1, 2
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