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Abstract

Let % be a simple connected weighted graph on n vertices in which the edge weights are positive
numbers. Denote by i ~ j if the vertices i and j are adjacent and by w; ; the weight of the edge i;. Let

w; = Z?:] wj, j. Let A1 be the largest Laplacian eigenvalue of . We first derive the upper bound

n
IS max wg_ ;.
LS
j=l1
We call this bound the trivial upper bound for A. Our main result is

L] {w,- W) A D i e Wik + e j i wj»k}
1 < = max :
2 i~j +Zk~i,k~j Wik —wj il

For any ¥, this new bound does not exceed the trivial upper bound for A{.
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1. Preliminaries

We consider a simple connected weighted graph in which the edge weights are positive num-
bers. Let % be such a graph. Labelling the vertices of 4 by 1, 2, .. ., n, denote by w; ; the weight
of the edge ij. We write i ~ j if the vertices i and j are adjacent. Let w; = ), ; wk ;. The
Laplacian matrix of % is the n x n matrix L(%) = (I; ;) defined by

w; if i = j,
li,j= —wj, ifl"\'j,
0 ifiocj, i # j.

L(%) is a real symmetric matrix. From this fact and GerS$gorin’s Theorem, it follows that the
eigenvalues of L(%) are nonnegative real numbers. Since each row sum is 0, (0, e) is an eigenpair
for L(%) where e is the all ones vector. Moreover, ¢ is a connected graph if and only if O is a
simple eigenvalue. We assume that 4 is a connected graph.

Throughout this paper we assume that

MZh =z 2 A1 > A =0

are the eigenvalues of L(9) .

If w; ; =1 for all edge ij then % is an unweighted graph. In [1], some of the many results
known for the Laplacian matrix of an unweighted graph are given. Upper bounds for 11 in the
case of unweighted graphs have been obtained by several authors [2—10].

We recall the following result due to Brauer [11]:

Theorem 1. Let A be an n x n arbitrary matrix with eigenvalues
AMyA2, ooy Ape
Let
v=1[v,v,..., 0"

be an eigenvector of A corresponding to the eigenvalue Ay and let q be any n-dimensional column
vector. Then the matrix A + vq" has eigenvalues

AMoA2s ooy Mty Ak AV At e A

We define the vector
p=1I[p1.p2....pal
where, for j =1,2,...,n,

pj = maxwy, ;.
k~j

Then p; — w; j > Oforalli ~ j. We now define the matrix
B(%9) =L(%) +ep'. (1)
The entries of B(¥%) are

w; + pi ifi =j,
bi,j(g) =\ —w;+ pj ifi ~ j, 2)
P it # ).
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