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Abstract

Given α > 0 and p > 1, let μ be a bounded Radon measure on the interval (−1, 1). We are interested in the equation 
−(|x|2αu′)′ + |u|p−1u = μ on (−1, 1) with boundary condition u(−1) = u(1) = 0. We establish some existence and unique-
ness results. We examine the limiting behavior of three approximation schemes. The isolated singularity at 0 is also investigated.
© 2015 Elsevier Masson SAS. All rights reserved.
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1. Introduction

In this paper, we consider the following semilinear singular Sturm–Liouville equation{−(|x|2αu′)′ + |u|p−1u = μ on (−1,1),

u(−1) = u(1) = 0.
(1.1)

Here we assume that α > 0, p > 1, and μ ∈M(−1, 1), where M(−1, 1) is the space of bounded Radon measures on 
the interval (−1, 1). We denote

C0[−1,1] = {ζ ∈ C[−1,1]; ζ(−1) = ζ(1) = 0}.
Then μ can be viewed as a bounded linear functional on C0[−1, 1]. That is,

M(−1,1) = (C0[−1,1])∗ .

In the previous work [23], we studied the corresponding linear equation (i.e., p = 1 in (1.1)). For the linear case, 
we defined a notion of solution for all α > 0 and a notion of good solution for 0 < α < 1. We proved the existence and 
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uniqueness of the good solution for every measure μ when 0 < α < 1 and we proved the uniqueness of the solution 
when α ≥ 1. We also presented a necessary and sufficient condition on μ for the existence of the solution when α ≥ 1.

For the semilinear equation (1.1), we can adapt from [23] the notion of solution and the notion of good solution. 
Rewrite (1.1) as −(|x|2αu′)′ + u = u − |u|p−1u + μ. Then according to [23], a function u is a solution of (1.1) if

u ∈ Lp(−1,1) ∩ W
1,1
loc ([−1,1]\ {0}), |x|2αu′ ∈ BV (−1,1), (1.2)

and u satisfies (1.1) in the usual sense (i.e., in the sense of measures). When 0 < α < 1, a solution u of (1.1) is called 
a good solution if it satisfies in addition⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

lim
x→0+ u(x) = lim

x→0− u(x), when 0 < α < 1
2 ,

lim
x→0+

(
1 + ln 1

|x|
)−1

u(x) = lim
x→0−

(
1 + ln 1

|x|
)−1

u(x), when α = 1
2 ,

lim
x→0+ |x|2α−1u(x) = lim

x→0− |x|2α−1u(x), when 1
2 < α < 1.

(1.3)

In this work, we are interested in the question of existence and uniqueness, the limiting behavior of three different 
approximation schemes, and the classification of the isolated singularity at 0.

It turns out that we need to investigate the following four cases separately:

0 < α ≤ 1

2
, p > 1, (1.4)

1

2
< α < 1, 1 < p <

1

2α − 1
, (1.5)

1

2
< α < 1, p ≥ 1

2α − 1
, (1.6)

α ≥ 1, p > 1. (1.7)

As we are going to see, the notion of good solution is only necessary for cases (1.4) and (1.5). In fact, for the case 
(1.6), if the solution exists, it must be the good solution.

Our first result concerns the question of uniqueness.

Theorem 1.1. If α and p satisfy (1.4) or (1.5), then for every μ ∈M(−1, 1) there exists at most one good solution of 
(1.1). If α and p satisfy (1.6) or (1.7), then for every μ ∈M(−1, 1) there exists at most one solution of (1.1).

Remark 1.1. In fact, for α and p satisfying (1.4) or (1.5), there exist infinitely many solutions of (1.1); all of them 
will be identified in Section 7.

The next two theorems answer the question of existence.

Theorem 1.2. Assume that α and p satisfy (1.4) or (1.5). For every μ ∈ M(−1, 1), there exists a (unique) good 
solution of (1.1). Moreover, the good solution satisfies

(i) lim
x→0

(
1 + ln 1

|x|
)−1

u(x) = − lim
x→0+ |x|u′(x) = lim

x→0− |x|u′(x) = μ({0})
2 when α = 1

2 and p > 1,

(ii) lim
x→0

|x|2α−1u(x) = − lim
x→0+

|x|2αu′(x)
2α−1 = lim

x→0−
|x|2αu′(x)

2α−1 = μ({0})
4α−2 when 1

2 < α < 1 and 1 < p < 1
2α−1 ,

(iii)
∥∥|u|p−1u − |û|p−1û

∥∥
L1 ≤ ∥∥μ − μ̂

∥∥
M and 

∥∥∥(|u|p−1u − |û|p−1û
)+∥∥∥

L1
≤

∥∥∥(μ − μ̂
)+∥∥∥

M
, for μ, μ̂ ∈ M(−1, 1)

and their corresponding good solutions u, û.

Theorem 1.3. Assume that α and p satisfy (1.6) or (1.7). For each μ ∈ M(−1, 1), there exists a (unique) solution of 
(1.1) if and only if μ ({0}) = 0. Moreover, if the solution exists, it satisfies
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