Available online at www.sciencedirect.com

ANNALES

° ° DE L'INSTITUT
ScienceDirect HENRI

CrossMark POINCARE

» S, ANALYSE
NON LINFAIRE

ELSEVIER Ann. L. H. Poincaré — AN 33 (2016) 597-619

www.elsevier.com/locate/anihpc

On the inviscid limit of the 2D Navier—Stokes equations with
vorticity belonging to BMO-type spaces ~

Frédéric Bernicot “*, Tarek Elgindi b Sahbi Keraani®

& CNRS — Université de Nantes, Laboratoire de Mathématiques Jean Leray, 2, Rue de la Houssiniére, 44322 Nantes Cedex 03, France
b Courant Institute of Mathematical Sciences, 251 Mercer Street, New York, 10012-1185 NY, USA
¢ UFR de Mathématiques, Université de Lille 1, 59655 Villeneuve d’Ascq Cedex, France

Received 22 January 2014; received in revised form 26 November 2014; accepted 11 December 2014
Available online 13 January 2015

Abstract

In a recent paper [6], the global well-posedness of the two-dimensional Euler equation with vorticity in L' NLBMO was proved,
where LBMO is a Banach space which is strictly imbricated between L and BMO. In the present paper we prove a global result
on the inviscid limit of the Navier—Stokes system with data in this space and other spaces with the same BMO flavor. Some results
of local uniform estimates on solutions of the Navier—Stokes equations, independent of the viscosity, are also obtained.
© 2015 Elsevier Masson SAS. All rights reserved.
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1. Introduction

In this work, we consider the problem of the inviscid limit of the 2D Navier—Stokes equations with rough initial
data. More precisely, we are interested in the situation where the vorticity lives in specific Morrey—Campanato spaces
(in the same flavor as already studied in [6,4] and very recently in [12]). Morrey—Campanato spaces are Banach spaces
which extend the notion of a BMO function (a function with bounded mean oscillation) describing situations where
the oscillation of the function in a ball is controlled depending upon the radius of the ball. These spaces have attracted
much attention in the last few decades due to their remarkable properties (John—Nirenberg inequalities, duality with
Hardy spaces, etc.). For example, the theory of Morrey—Campanato spaces is useful when the Sobolev embedding
theorem is not available and has proven to be particularly useful in the study of elliptic PDEs.
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We do not detail the literature about these spaces since it is huge. In this work, we only focus on the L%mo spaces
(see precise definitions in Section 2) where the oscillations of a function on a ball of radius r < 1 are bounded by
[log(r)|~*. What is interesting, is that the scale (L*mo)g<¢<1 can be thought of as an intermediate scale between
BMO (for @« — 0) and L*>® (for o — 1).

1.1. The Navier—Stokes system

The Navier—Stokes system is the basic mathematical model for viscous incompressible flows and reads as follows:
orut +uf - vVué —eAu® + VP =0,
(NS,) V.ué =0, (1.1)
Ujy—o = U0-
Associated to the viscosity parameter ¢, the vector field u® stands for the velocity of the fluid, the quantity P¢ denotes

the scalar pressure, and V.u® = 0 means that the fluid is incompressible. We also detail the fractional Navier—Stokes
equation, of order « € (0, 1):

du® +u - Vu® +e(—A)2u° + VP® =0,
V.au® =0, (1.2)
u ft:O = Uo,
where the diffusion term is given by the fractional power of the Laplacian operator. When we neglect the diffusion
term, we obtain the Euler equations
oru~+u-Vu+VP =0,
(E) V.au=0, (1.3)
Ujr=0 = Ug.
The mathematical study of the Navier—Stokes system was initiated by Leray in his pioneering work [24]. In fact,
by using a compactness method, he proved that for any divergence-free initial data v° in the energy space L, there

exists a global solution to (NVS;). In fwo dimensions that weak solution was proven to be unique. However, for higher
dimensions (d > 3) the problem of uniqueness is still widely open. In the 60’s, Fujita and Kato [19] constructed
for initial data lying in the critical Sobolev space H 51 4 class of unique local solutions called mild solutions. We
emphasize that the same result holds true when the initial data belongs to the inhomogeneous Sobolev space H*, with
s> % — 1. The global existence of these solutions is an outstanding open problem. However a positive answer is given

at least in both the following cases: either when the initial data is small in the critical space H2~! which is invariant
under the scaling of the Navier—Stokes equations, or in the space dimension two (this is because in two dimensions
the scale invariant space is the energy space).

1.2. The Euler system
In the two dimensional space and when the regularity is sufficient to give a sense to the Biot—Savart law, then one

can consider an alternative weak formulation: the vorticity-stream weak formulation. It consists in resolving the weak
form of (1.3) in terms of vorticity w = curl(u):

0w+ (u-Vyw=0, (1.4)
supplemented with the Biot—Savart law:
i
u=Kx*w, withKx)=——.
27 |x|?

The questions of existence/uniqueness of weak solutions have been extensively studied (see [10,7,25] for instance).
We emphasize that, unlike the fixed-point argument, the compactness method does not guarantee the uniqueness of the
solutions and then the two issues (existence/uniqueness) are usually dealt with separately. Existence and uniqueness of
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