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Abstract

We investigate large-time asymptotics for viscous Hamilton–Jacobi equations with possibly degenerate diffusion terms. We es-
tablish new results on the convergence, which are the first general ones concerning equations which are neither uniformly parabolic
nor first order. Our method is based on the nonlinear adjoint method and the derivation of new estimates on long time averaging
effects. It also extends to the case of weakly coupled systems.
© 2013 Elsevier Masson SAS. All rights reserved.
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1. Introduction

In this paper we obtain new results on the study of the large time behavior of Hamilton–Jacobi equations with
possibly degenerate diffusion terms

ut + H(x,Du) = tr
(
A(x)D2u

)
in T

n × (0,∞), (1.1)

where T
n is the n-dimensional torus Rn/Zn. Here Du,D2u are the (spatial) gradient and Hessian of the real-valued

unknown function u defined on T
n × [0,∞). The functions H : Tn × R

n → R and A : Tn → M
n×n
sym are the Hamil-

tonian and the diffusion matrix, respectively, where M
n×n
sym is the set of n × n real symmetric matrices. The basic

hypotheses that we require are that H is uniformly convex in the second variable, and A is nonnegative definite.
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Our goal in this paper is to study the large time behavior of viscosity solutions of (1.1). Namely, we prove that∥∥u(·, t) − (v − ct)
∥∥

L∞(Tn)
→ 0 as t → ∞, (1.2)

where (v, c) is a solution of the ergodic problem

H(x,Dv) = tr
(
A(x)D2v

) + c in T
n. (1.3)

In view of the quadratic or superquadratic growth of the Hamiltonian, there exists a unique constant c ∈ R such that
(1.3) holds true for some v ∈ C(Tn) in the viscosity sense. We notice that in the uniformly parabolic case (A is positive
definite), v is unique up to additive constants. It is however typically the case that v is not unique even up to additive
constants when A is degenerate, which makes the convergence (1.2) delicate and hard to be achieved. We will state
clearly the existence result of (1.3), which itself is important, in Section 2.

It is worth emphasizing here that the study of the large-time asymptotics for this type of equations was only
available in the literature for the uniformly parabolic case and for the first order case. There was no results on the
large-time asymptotics for (1.1) with possibly degenerate diffusion terms up to now as far as the authors know.

In the last decade, a number of authors have studied extensively the large time behavior of solutions of (first or-
der) Hamilton–Jacobi equations (i.e., (1.1) with A ≡ 0), where H is coercive. Several convergence results have been
established. The first general theorem in this direction was proven by Namah and Roquejoffre in [18], under the as-
sumptions: p �→ H(x,p) is convex, H(x,p) � H(x,0) for all (x,p) ∈ T

n × R
n, and maxx∈Tn H(x,0) = 0. Fathi

then gave a breakthrough in this area in [10] by using a dynamical systems approach from the weak KAM theory.
Contrary to [18], the results of [10] use uniform convexity and smoothness assumptions on the Hamiltonian but do
not require any condition on the structure above. These rely on a deep understanding of the dynamical structure of
the solutions and of the corresponding ergodic problem. See also the paper of Fathi and Siconolfi [11] for a beautiful
characterization of the Aubry set. Afterwards, Davini and Siconolfi in [7] and Ishii in [12] refined and generalized
the approach of Fathi, and studied the asymptotic problem for Hamilton–Jacobi equations on T

n and on the whole
n-dimensional Euclidean space, respectively. Besides, Barles and Souganidis [2] obtained additional results, for pos-
sibly non-convex Hamiltonians, by using a PDE method in the context of viscosity solutions. Barles, Ishii and Mitake
[1] simplified the ideas in [2] and presented the most general assumptions (up to now). In general, these methods are
based crucially on delicate stability results of extremal curves in the context of the dynamical approach in light of the
finite speed of propagation, and of solutions for time large in the context of the PDE approach. It is also important to
point out that the PDE approach in [2,1] does not work with the presence of any second order terms.

In the uniformly parabolic setting (i.e., A uniformly positive definite), Barles and Souganidis [3] proved the long-
time convergence of solutions. Their proof relies on a completely distinct set of ideas from the ones used in the first
order case as the associated ergodic problem has a simpler structure. Indeed, the strong maximum principle holds,
the ergodic problem has a unique solution up to constants. The proof for the large-time convergence in [3] strongly
depends on this fact.

It is clear that all the methods aforementioned (for both the cases A ≡ 0 and A uniformly positive definite) are not
applicable for the general degenerate viscous cases because of the presence of the second order terms and the lack of
both the finite speed of propagation as well as the strong comparison principle. We briefly describe the key ideas on
establishing (1.2) in Subsection 1.1. Here the nonlinear adjoint method, which was introduced by Evans in [8], plays
the essential role in our analysis. Our main results are stated in Subsection 1.2.

1.1. Key ideas

Let us now briefly describe the key ideas on establishing (1.2). Without loss of generality, we may assume the
ergodic constant is 0 henceforth. In order to understand the limit as t → ∞, we introduce a rescaled problem. For
ε > 0, set uε(x, t) = u(x, t/ε). Then (uε)t (x, t) = ε−1ut (x, t/ε), Duε(x, t) = Du(x, t/ε), and uε solves{

εuε
t + H

(
x,Duε

) = tr
(
A(x)D2uε

)
in T

n × (0,∞),

uε(x,0) = u0(x), on T
n.

By this rescaling, uε(x,1) = u(x,1/ε) and we can easily see that to prove (1.2) is equivalent to prove that∥∥uε(·,1) − v
∥∥

L∞(Tn)
→ 0 as ε → 0.
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