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Abstract

This paper extends the concept of generalized polarization tensors (GPTs), which was previously defined for inclusions with
homogeneous conductivities, to inhomogeneous conductivity inclusions. We begin by giving two slightly different but equivalent
definitions of the GPTs for inhomogeneous inclusions. We then show that, as in the homogeneous case, the GPTs are the ba-
sic building blocks for the far-field expansion of the voltage in the presence of the conductivity inclusion. Relating the GPTs to
the Neumann-to-Dirichlet (NtD) map, it follows that the full knowledge of the GPTs allows unique determination of the conduc-
tivity distribution. Furthermore, we show important properties of the the GPTs, such as symmetry and positivity, and derive bounds
satisfied by their harmonic sums. We also compute the sensitivity of the GPTs with respect to changes in the conductivity distri-
bution and propose an algorithm for reconstructing conductivity distributions from their GPTs. This provides a new strategy for
solving the highly nonlinear and ill-posed inverse conductivity problem. We demonstrate the viability of the proposed algorithm
by preforming a sensitivity analysis and giving some numerical examples.
© 2013 Elsevier Masson SAS. All rights reserved.
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1. Introduction

There are several geometric and physical quantities associated with shapes such as eigenvalues and capacities [34].
The concept of the generalized polarization tensors (GPTs) is one of them. The notion appears naturally when we
describe the perturbation of the electrical potential due to the presence of inclusions whose material parameter (con-
ductivity) is different from that of the background.
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To mathematically introduce the concept of GPTs, we consider the conductivity problem in R
d , d = 2,3:{∇ · (χ(

R
d \ Ω

) + kχ(Ω)
)∇u = 0 in R

d ,

u(x) − h(x) = O
(|x|1−d

)
as |x| → ∞.

(1.1)

Here, Ω is the inclusion embedded in R
d with a Lipschitz boundary, χ(Ω) (resp. χ(Rd \ Ω)) is the characteristic

function of Ω (resp. Rd \ Ω), the positive constant k is the conductivity of the inclusion which is supposed to be
different from the background conductivity 1, h is a harmonic function in R

d representing the background electrical
potential, and the solution u to the problem represents the perturbed electrical potential. The perturbation u − h due
to the presence of the conductivity inclusion Ω admits the following asymptotic expansion as |x| → ∞:

u(x) − h(x) =
∑

|α|,|β|�1

(−1)|β|

α!β! ∂αh(0)Mαβ(k,Ω)∂βΓ (x), (1.2)

where Γ is the fundamental solution of the Laplacian (see, for example, [7,9]). The building blocks Mαβ(k,Ω) for
the asymptotic expansion (1.2) are called the GPTs. Note that the GPTs Mαβ(k,Ω) can be reconstructed from the
far-field measurements of u by a least-squares method. A stability analysis of the reconstruction is provided in [1]. On
the other hand, it is shown in [2] that in the full-view case, the reconstruction problem of GPTs from boundary data
has the remarkable property that low order GPTs are not affected by the error caused by the instability of higher-orders
in the presence of measurement noise.

The GPTs carry geometric information about the inclusion. For example, the inverse GPT problem holds to be
true, namely, the whole set of GPTs, {Mαβ(k,Ω): |α|, |β| � 1}, determines k and Ω uniquely [6]. The leading order
GPT (called the polarization tensor (PT)), {Mαβ(k,Ω): |α|, |β| = 1}, provides the equivalent ellipse (ellipsoid) which
represents overall property of the inclusion [11,20]. Moreover, there are important analytical and numerical studies
which show that finer details of the shape can be recovered using higher-order GPTs [14,4]. The GPTs even carry
topology information of the inclusion [4]. It is also worth mentioning that an efficient algorithm for computing the
GPTs is presented in [21].

The notion of GPTs appears in various contexts such as asymptotic models of dilute composites (cf. [30,32,13]),
low-frequency asymptotics of waves [24], potential theory related to certain questions arising in hydrodynam-
ics [34], biomedical imaging of small inclusions (see [10] and the references therein), reconstructing small inclusions
[27,11,20], and shape description [4]. Recently the concept of GPTs finds another promising application to cloaking
and electromagnetic and acoustic invisibility. It is shown that the near-cloaking effect of [29] can be dramatically
improved by using multi-layered structures whose GPTs vanish up to a certain order [12].

As far as we know, the GPTs have been introduced only for inclusions with homogeneous conductivities or layers
with constant conductivities. It is the purpose of this paper to extend the notion of GPTs to inclusions with inho-
mogeneous conductivities and use this new concept for solving the inverse conductivity problem. We first introduce
the GPTs for inhomogeneous inclusions and show that exactly the same kind of far-field asymptotic formula as (1.2)
holds. We also prove important properties of the GPTs such as unique determination of Neumann-to-Dirichlet map,
symmetry, and positivity. We then provide a sensitivity analysis of the GPTs with respect to changes in the conduc-
tivity distribution. We finally propose a minimization algorithm for reconstructing an inhomogeneous conductivity
distribution from its high-order GPTs. We carry out a resolution and stability analysis for this reconstruction problem
in the linearized case and present numerical examples to show its viability.

The paper is organized as follows. In Section 2 we introduce the GPTs for inhomogeneous conductivity inclusions
and prove that they are the building blocks of the far-field expansion of the potential. Section 3 is devoted to the
derivation of integral representations of the GPTs. We also establish a relation between the GPTs and the NtD map.
In Section 4 we prove important properties of symmetry and positivity of the GPTs and obtain bounds satisfied by
their harmonic sums. In Section 5 we perform a sensitivity analysis of the GPTs with respect to the conductivity
distribution. We also show that in the linearized case, high-order GPTs capture high-frequency oscillations of the
conductivity. In Section 6, we present an algorithm for reconstructing inhomogeneous conductivity distributions from
their high-order GPTs. The algorithm is based on minimizing the discrepancy between the computed and measured
GPTs.
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