Available online at www.sciencedirect.com

ScienceDirect

ANNALES
DE LINSTITUT
HENRI
POINCARE

ANALYSE
NON LINEAIRE

Ann. 1. H. Poincaré — AN 23 (2006) 911-927

www.elsevier.com/locate/anihpc

Large time behavior for nonlinear higher order
convection—diffusion equations

Comportement asymptotique pour des equations de
convection—diffusion nonlinéaires d’ordre supérieur

Mahmoud Qafsaoui

Ecole Supérieure des Techniques Aéronautiques et de Construction Automobile, 34, rue Victor Hugo, 92300 Levallois Perret, France
Received 11 January 2005; received in revised form 5 September 2005; accepted 22 September 2005
Available online 9 February 2006

Abstract

We study the large time asymptotic behavior, in L? (1 < p < 00), of higher derivatives DY u(r) of solutions of the nonlinear
equation

ur+Tu=a- V@) onR" x (0,00), n
u(0) = ug € L1 RM),

where the integers 7 and 6 are bigger than or equal to 1, a is a constant vector in R” with p = (9'}1?1) = %. The function v

is a nonlinearity such that ¢ € CY(R) and ¥ (0) =0, and T is a higher order elliptic operator with nonsmooth bounded measurable
coefficients on R”. We also establish faster decay when u € LI®R"Y) N L®®R").
© 2006 Elsevier Masson SAS. All rights reserved.

Résumé

Nous étudions le comportement asymptotique, dans LP (1 < p < 00), des dérivées d’ordre supérieur DY u(t) des solutions de
I’équation nonlinéaire (1), ot n € N*, € N* et a est un vecteur constant de R? avec p = (Q;ﬂTl
vérifiant ¢ € C? (R) et ¥ (0) =0, et T est un opérateur elliptique d’ordre supérieur a coefficients peu réguliers dans R”. Nous
étudions également le cas particulier ol ug € LY(R") N L®RM).
© 2006 Elsevier Masson SAS. All rights reserved.

). La fonction ¥ est nonlinéaire
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1. Introduction

Our aim is to study the asymptotic behavior of higher derivatives of solutions of the Cauchy problem for the
generalized convection—diffusion equation (1) using sufficiently smooth nonlinearities 1. A typical example of (1) is
given by

ur+ (A"AAYu=a -V’ (@) onR" x (0, 00),
u(0) =ug € L' (R"),

where A is a bounded measurable positive function independent of time .

Let us start by mentioning some works which inspired ours. Escobedo and Zuazua studied in [3] the large time
behavior of solutions of the Cauchy problem for the convection—diffusion equation (1) with 7 = — A, ¥ (u) = |u|? 1y
and 6 = 1. They proved, for ¢ > 1, the existence and the uniqueness of a classical solution u € C([0, 00); L'(R™))
such that u € C((0, co); W>P(R™)) NC((0, 00); LP (R™)) for every p € (1, 00). The argument used relies essentially
on the classical Banach fixed point theorem. They also showed that, for ¢ large, this solution behaves like the heat
kernel K; which can be regarded as the fundamental solution of the heat equation with the Dirac mass as initial data.
More precisely, under the assumption g > 1 + 1/n, if M denotes the mass of ug (M = fRn up(x) dx) then the solution
u satisfies for all p € [1, o],

lim 2070 u() - MK, | =o0.
t—+00 p

They also obtained a faster decay in the particular case when the initial data u( belongs to LY(R"; 1+ |x]) N LY (R"™).
The techniques used rely on standard heat kernel estimates on the integral representation of the solution. Subsequently,
they finished their work by an extension to the more general equation u; — Au = a - V(i (1)) where ¥ is an arbitrary
sufficiently smooth nonlinearity.

In [2], Biller, Karch and Woyczynski studied the large time behavior of solutions of the Lévy conservation laws
u; + Lu + V- (1) = 0 with initial data uo, where v is a nonlinearity and (—£) is the generator of a positivity-
preserving symmetric Lévy semigroup on L!(R"). In particular, they showed that in the case where the symbol A of
the operator £ satisfies A(¢) ~ |¢|* for || <1 (0 <t < 2) and A(¢) ~ |¢|? for |¢| > 1, and under the assumptions
¥ € C? with /(0) =0 and ug € L' (R") N L>(R"), the following holds

nep_1
hm tl(l p) —tL

u(t) —e
t——+00 ()

M()Hp =0 forevery p €[l, 0o]
as for the corresponding linear equation, and if F := fooo fR,, Y (u(y,s))dyds,

lim O |u) — e Cug + F - (Ve ')

,dim ||p =0 forevery p € (1, 00]

resulting from the presence of the nonlinear term.
In [4], we considered the equation

us + Liu=avVu onR" x (0, 00), 5
u(0) =ug € L'(R"), 2

where £, = L(’gbLo (see below for the definition of Lg) and b is a positive bounded function such that b(x,t) =
b(x + at). We showed that the derivatives D” u of order less than or equal to 2m — 1 of the solution to (2) have an
asymptotic behavior similar to the one of the corresponding derivatives of the heat kernel with speed a,

1 lyl
lim ¢ (=5 4n
—>00

Dzu(x,t)—MDth(x+ar)||p=o, 3)
for all p € [1, oo]. The method used to derive this result was the simple change of variables v(x, t) := u(x — at,t)

which reduces the study to the heat equation

vy +Lov=0 onR" x (0, 00),
v(O) = V0 = Ug.
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