Appl. Comput. Harmon. Anal. 40 (2016) 292-320

Contents lists available at ScienceDirect

pplied and
Computational
Harmonic Analysis

Applied and Computational Harmonic Analysis

www.elsevier.com /locate/acha

Window-dependent bases for efficient representations of the @ CossMark
Stockwell transform

U. Battisti®*, L. Riba®"

& Dipartimento di Matematica, Universita degli Studi di Torino, via Carlo Alberto 10, 10128 Torino, Italy
Y Laboratoire des Fluides Complexes et leurs Réservoirs (LFC-R), Université de Pau et des Pays de
I’Adour (UPPA), 64018 Pau, Cedex, France'

ARTICLE INFO ABSTRACT
Article history: Since its appearing in 1996, the Stockwell transform (S-transform) has been applied
Received 18 June 2014 to medical imaging, geophysics and signal processing in general. In this paper, we

Received in revised form 24
December 2014

Accepted 15 February 2015
Available online 23 February 2015
Communicated by Christopher Heil

prove that the system of functions (so-called DOST basis) is indeed an orthonormal
basis of L? ([0, 1]), which is time—frequency localized, in the sense of Donoho—Stark
Theorem (1989) [11]. Our approach provides a unified setting in which to study
the Stockwell transform (associated with different admissible windows) and its
orthogonal decomposition. Finally, we introduce a fast — O (N log N) — algorithm to

Keywords: compute the Stockwell coefficients for an admissible window. Our algorithm extends
Stockwell transform the one proposed by Y. Wang and J. Orchard (2009) [33].
Orthonormal basis © 2015 Elsevier Inc. All rights reserved.
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1. Introduction

Let f be a signal with finite energy, that is f € L? (R), and let ¢ be a window in L? (R). Then, following
M.W. Wong and H. Zhu [34], we define the Stockwell transform (S-transform) S, f as

(Se f) (6,6) = (275)71/2/6*2“”51”(75) Sl (€t —=b))dt, b EeR (1.1)

R

It is possible to rewrite the S-transform with respect to the Fourier transform of the analyzed signal:

(S, ) <b,5>—/e2”ib<f<<+£>¢<§) &, bEER, E#£0, (1.2)
R
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where fis the Fourier transform of the signal f, given by

F&) = ® ) = @n 2 / eWE {1t EER.

R

We fix the notation: we denote with f or F~! f the inverse Fourier transform of a signal f. N = {0,1,...}
is the set of non-negative integers, Z = {...,—1,0,1,..., } is the set of integers.

The S-transform was initially defined by R.G. Stockwell, L. Mansinha and R.P. Lowe in [29] using a
Gaussian window

In this case,
(g ) (b,6) = <2n>*1/2/e-2"“5 F@)lele T Par, bR, (1.3)
R
which, in the alternative formulation, becomes
(Sg f) (b:€) = / PP F(C+ e Al, beeR, 40 (1.4)
R
The natural discretization of (1.4), introduced in [29], is given by
N-1

( e2n1m]/Nf m+n) —27tzmz/n27 (1.5)

m=0

where 7 =0,...,N—landn=1,...,N —1. For n =0, it is set

(Sg£)(7,0) =5 > f(k), =0, .N-1

In the literature, (1.5) is called redundant (discrete) Stockwell transform. Unfortunately, the redundant
Stockwell transform has a high computational cost: O (N 2log N ) To overcome this problem, R.G. Stockwell
introduced in [27], without a mathematical proof, a basis for periodic signals with finite energy, i.e. L? ([0, 1]),
given by

U Dy = U {Dp,r}f(:p(TI . (1.6)

PEZ PEZ

This basis, precisely defined in Section 3, is adapted to octave samples in the frequency domain. The
decomposition of a periodic signal f in this basis is called in the literature the discrete orthonormal Stockwell
transform (DOST). The related coefficients

for=(f, Dp,T)LQ([Ovl]) ’

are called DOST coefficients.
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