
Appl. Comput. Harmon. Anal. 39 (2015) 185–213

Contents lists available at ScienceDirect

Applied and Computational Harmonic Analysis

www.elsevier.com/locate/acha

An algebraic perspective on multivariate tight wavelet frames. II

Maria Charina a,∗, Mihai Putinar b,c, Claus Scheiderer d, Joachim Stöckler a

a Fakultät für Mathematik, TU Dortmund, D-44221 Dortmund, Germany
b Mathematics Department, University of California at Santa Barbara, Santa Barbara, CA 93106, USA
c DMS-SPMS, Nanyang Technological University, 21 Nanyang Link, 637371, Singapore
d Fachbereich Mathematik und Statistik, Universität Konstanz, D-78457 Konstanz, Germany

a r t i c l e i n f o a b s t r a c t

Article history:
Received 6 March 2014
Received in revised form 8 
September 2014
Accepted 9 September 2014
Available online 16 September 2014
Communicated by Qingtang Jiang

MSC:
65T60
14P99
11E25
90C26
90C22

Keywords:
Multivariate wavelet frame
Positive polynomial
Sum of hermitian squares
Transfer function

Continuing our recent work in [5] we study polynomial masks of multivariate tight 
wavelet frames from two additional and complementary points of view: convexity 
and system theory. We consider such polynomial masks that are derived by means 
of the unitary extension principle from a single polynomial. We show that the set of 
such polynomials is convex and reveal its extremal points as polynomials that satisfy 
the quadrature mirror filter condition. Multiplicative structure of this polynomial set 
allows us to improve the known upper bounds on the number of frame generators 
derived from box splines. Moreover, in the univariate and bivariate settings, the 
polynomial masks of a tight wavelet frame can be interpreted as the transfer 
function of a conservative multivariate linear system. Recent advances in system 
theory enable us to develop a more effective method for tight frame constructions. 
Employing an example by S.W. Drury, we show that for dimension greater than 
2 such transfer function representations of the corresponding polynomial masks 
do not always exist. However, for all wavelet masks derived from multivariate 
polynomials with non-negative coefficients, we determine explicit transfer function 
representations. We illustrate our results with several examples.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

A tight wavelet frame of L2(Rd) is determined, via Fourier transform, by a finite set of trigonometric poly-
nomials p, a1, . . . , aN . The trigonometric polynomial p enters as the unique ingredient into the multiplicative 
identity

φ̂
(
MT θ

)
= p(z)φ̂(θ), θ ∈ Rd, zj = eiθj , (1)

where M is a d × d matrix with integer entries whose eigenvalues are greater than 1 in absolute value. The 
identity (1) is called the two-scale relation, as it defines a representation of φ in terms of shifts of scaled 
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versions of φ, i.e.

φ(x) = |detM |
∑
α∈Zd

p(α)φ(Mx− α), x ∈ Rd. (2)

Here, p(z) =
∑

α∈Zd p(α)zα has finitely many nonzero coefficients p(α) and zα = zα1
1 · · · zαd

d .
The translation group G = 2πM−TZd/2πZd plays a central role in the discussion of the two-scale relation. 

Clearly, G is a finite group of order m = |detM |. Throughout this article we maintain the notation and 
terminology introduced in [5]. Our main object of study, as in the previous article [5], is the mask p, regarded 
as a Laurent polynomial or, equivalently, a trigonometric polynomial on the d-dimensional torus

Td =
{
z = (z1, . . . , zd) ∈ Cd : |zj | = 1 for j = 1, . . . , d

}
.

An element of the group σ = (σ1, . . . , σd) ∈ G acts on p ∈ C[Td] by

pσ(z) := p
(
e−iσ1z1, . . . , e

−iσdzd
)
, z ∈ Td.

The conditions

pσ(1, 1, . . . , 1) = δ0,σ, σ ∈ G, (3)

are called zero conditions or sum rules of order 1 in the literature, see [16] and references therein, and are 
important for the analysis of various properties of φ. Another important ingredient of the analysis is the 
fact that the support of φ is contained in the convex hull of {α ∈ Zd : p(α) �= 0}.

We let Fp = (pσ)σ∈G, Faj
= (aσj )σ∈G : Td → Cm be column vectors. Then the identity

Im − Fp(z)Fp(z)∗ =
N∑
j=1

Faj
(z)Faj

(z)∗ (4)

is called the Unitary Extension Principle (UEP) in the seminal work on frames and shift-invariant spaces by 
Ron and Shen [22]. Here, Fp(z)∗ = Fp(z)T denotes complex conjugation and transposition. If the identities 
(3) and (4) are satisfied, then the functions

ψj(x) = |detM |
∑
α∈Zd

aj(α)φ(Mx− α), x ∈ Rd, (5)

are the generators of a tight wavelet frame; i.e. the family

X(Ψ) =
{
mj/2ψl

(
M j · −k

)
: 1 ≤ l ≤ N, j ∈ Z, k ∈ Zd

}
defines a tight frame of L2(Rd). Therefore, the UEP is the core of many constructions of tight wavelet 
frames, see e.g. [6,7,9,11,14,21,22,25].

The constraint

f = 1 −
∑
σ∈G

pσ∗pσ ≥ 0 (6)

is known in the literature as the sub-QMF condition on the trigonometric polynomial p ∈ C[Td]. Due to 
f = det(Im − FpF

∗
p ), the condition in (6) is necessary for the existence of a1, . . . , aN that satisfy the UEP 

identities in (4).
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