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1. Introduction

The shape of a domain can be represented in terms of various physical and geometric quantities such as
eigenvalues, capacity and moments. The generalized polarization tensor (GPT) is one of them. GPTs are
an (infinite) sequence of tensors associated with inclusions (domains) and they appear naturally in the far
field expansion of the perturbation of the electrical field in the presence of the inclusion. They are geometric
quantities in the sense that the full set of GPTs completely determines the shape of the inclusion. Moreover,
one can use a first few terms of GPTs to recover a good approximation of the actual shape of an inclusion
[3,4].

* This work was supported by the ERC Advanced Grant Project MULTIMOD-267184 and NRF grant No. 2010-0017532.
* Corresponding author.

E-mail addresses: habib.ammari@ens.fr (H. Ammari), chdaewon@inha.ac.kr (D. Chung), hbkang@inha.ac.kr (H. Kang),
han.wang@ens.fr (H. Wang).

http://dx.doi.org/10.1016/j.acha.2014.05.004
1063-5203/© 2014 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.acha.2014.05.004
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/acha
mailto:habib.ammari@ens.fr
mailto:chdaewon@inha.ac.kr
mailto:hbkang@inha.ac.kr
mailto:han.wang@ens.fr
http://dx.doi.org/10.1016/j.acha.2014.05.004
http://crossmark.crossref.org/dialog/?doi=10.1016/j.acha.2014.05.004&domain=pdf

H. Ammari et al. / Appl. Comput. Harmon. Anal. 38 (2015) 140-147 141

When the domain is transformed by a rigid motion and a scaling, the corresponding GPTs change
according to certain rules and it is possible to construct as combinations of GPTs invariants under these
transformations. This property makes GPTs suitable for the dictionary matching problem. The dictionary
matching problem is to identify the object in the dictionary when the target object is identical to one of the
objects in the dictionary up to shifting, rotation, and scaling. The standard method of dictionary matching
is to construct invariants, called shape descriptors, under rigid motions and scaling, and to compare those
invariants. In [1], invariants are constructed using GPTs in two dimensions.

It is the purpose of this letter to extend results of [1] to construct invariants using GPTs in three
dimensions. In fact, using contracted GPTs (CGPT), which are harmonic combinations of GPTs, we are able
to construct an infinite number of shape descriptors. Using transformation formulas of spherical harmonics
under rigid motions [5], we are able to derive transformation formulas obeyed by the CGPTs. We then use
these formulas and the method for registration to construct invariants which can be used for target shape
description.

2. The CGPT block matrix

For D € R? with Lipschitz boundary, the Neumann—Poincaré operator K3, is defined by

" 1 {z —y,v(z))

Kplo)(z) = PV / Wqﬁ(y)da(y), zr € 0D.
oD

Here (-,-) denotes the scalar product and v(x) the unit outward normal vector x € 9D. Let A be a real number

such that |A| > 1/2. The generalized polarization tensor (GPT) M,p for multi-indices o = (a1, a2, 3) and

B = (B1, P2, B3) associated with X and D is defined by

Mag(\, D) = / y? (A - ICE)fl [v - Vy*]do.
oD

Here y* = y7"y5%ys°. Throughout this letter A is fixed, so we use Mys(D) for Mz(A, D).
The contracted GPTs (CGPT) are harmonic combinations of GPTs. Let Y, —n < m < n, be the
(complex) spherical harmonic of homogeneous degree n and order m. We define the CGPT M,,,,11 by

vkin -\ w0\ —1 0 ny m
Mnmlk(D) = /Tgl/yvlk(oyacpy)()\lich) |:ayern (oyv@y)

oD

] (y)do () (2.1)

oD

with y = r,(cos ¢, sin 6, sin ¢, sin ,,, cos 6,,).
We introduce the matrix My, of dimension (27 + 1) x (2n + 1) by

(Mln)km = Mpmir, —1<EZI] —n<m<n. (22)

For an integer K, we define

Mii Mgz -+ Mg

Moy My - My
M := . . .

Mpg1 Mgo -+ Mgr

We call M;,, and M the CGPT matrix and the CGPT block matrix of order K, respectively. The following
proposition holds [2].
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