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Generalizing the theorem for Goursat flags, we will characterize those flags which are
obtained by “rank 1 prolongation” from the space of 1 jets for 1 independent and m
dependent variables.
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1. Introduction

This paper is concerned with the Drapeau theorem for differential systems. By a differential system (R, D), we mean a
distribution D on a manifold R , i.e., D is a subbundle of the tangent bundle T (R). The derived system ∂ D of D is defined, in
terms of sections, by

∂D = D + [D, D],
where D = Γ (D) denotes the space of sections of D . In general ∂ D is obtained as a subsheaf of the tangent sheaf of R (for
the precise argument, see e.g. [15,3]). Moreover higher derived systems ∂ i D are defined successively by

∂ i D = ∂(∂ i−1 D),

where we put ∂0 D = D by convention. We also define the i-th weak derived system ∂(i)D of D inductively by

∂(i)D = ∂(i−1)D + [D, ∂(i−1)D],
where ∂(0)D = D and ∂(i)D denotes the space of sections of ∂(i)D . In this paper, a differential system (R, D) is called regular
if ∂ i D are subbundles of T (M) for every i � 1.

We say that (R, D) is an m-flag of length k, if (R, D) is regular and has a derived length k, i.e., ∂k D = T (R);

D ⊂ ∂ D ⊂ · · · ⊂ ∂k−2 D ⊂ ∂k−1 D ⊂ ∂k D = T (R),
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such that rank D = m + 1 and rank ∂ i D = rank ∂ i−1 D + m for i = 1, . . . ,k. In particular dim R = (k + 1)m + 1.
Especially (R, D) is called a Goursat flag (un drapeau de Goursat) of length k when m = 1. Historically, by Engel, Goursat

and Cartan, it is known that a Goursat flag (R, D) of length k is locally isomorphic, at a generic point, to the canonical
system ( J k(M,1), Ck) on the k-jet spaces of 1 independent and 1 dependent variable (for the definition of the canonical
system ( J k(M,1), Ck), see Section 2). The characterization of the canonical (contact) systems on jet spaces was given by
R. Bryant in [2] for the first order systems and in [15] and [16] for higher order systems for n independent and m dependent
variables. However, it was first explicitly exhibited by A. Giaro, A. Kumpera and C. Ruiz in [6] that a Goursat flag of length
3 has singularities and the research of singularities of Goursat flags of length k (k � 3) began as in [9]. To this situation,
R. Montgomery and M. Zhitomirskii constructed the “Monster Goursat manifold” by successive applications of the “Cartan
prolongation of rank 2 distributions [4]” to a surface and showed that every germ of a Goursat flag (R, D) of length k
appears in this “Monster Goursat manifold” in [8], by first exhibiting the following Sandwich Lemma for (R, D);

D ⊂ ∂ D ⊂ · · · ⊂ ∂k−2 D ⊂ ∂k−1 D ⊂ ∂k D = T (R)

∪ ∪ ∪
Ch(D) ⊂ Ch(∂ D) ⊂ Ch(∂2 D) ⊂ · · · ⊂ Ch(∂k−1 D)

where Ch(∂ i D) is the Cauchy characteristic system of ∂ i D and Ch(∂ i D) is a subbundle of ∂ i−1 D of corank 1 for i = 1, . . . ,

k − 1. Here the Cauchy Characteristic System Ch(C) of a differential system (R, C) is defined by

Ch(C)(x) = {
X ∈ C(x) | X�dωi ≡ 0 (mod ω1, . . . ,ωs) for i = 1, . . . , s

}
,

where C = {ω1 = · · · = ωs = 0} is defined locally by defining 1-forms {ω1, . . . ,ωs}. Moreover, after [8], P. Mormul defined the
notion of a special m-flag of length k for m � 2 to characterize those m-flags which are obtained by successive applications
of the “generalized Cartan prolongation” to the space of 1-jets of 1 independent and m dependent variables.

The main purpose of this paper is first to clarify the procedure of “rank 1 prolongation” of an arbitrary differential system
(R, D) of rank m + 1, and to give good criteria for an m-flag of length k to be special, i.e., to be locally isomorphic to the
k-th rank 1 prolongation (Pk(M), Ck) of a manifold M of dimension m + 1 (by construction, Pk(M) contains J k(M,1) as an
open dense subset. See Section 3). More precisely we will show for an m-flag of length k for m � 2;

Drapeau Theorem. Let (R, D) be an m-flag of length k. If m � 2, then the following statements are equivalent:

(i) (R, D) is locally isomorphic to (Pk(M), Ck).
(ii) There exists a completely integrable subbundle F of ∂k−1 D of corank 1 (see the sentence following Proposition 4.1 for what F is

in the case of P k(M)).
(iii) (R, D) is a special m-flag (see Definition in Section 4). If m � 3, then (i), (ii) and (iii) are also equivalent to the following statement
(iv) ∂k−1 D has Cartan rank 1. Finally, if m � 4, then (i), (ii), (iii) and (iv) are equivalent to the following statement
(v) ∂k−1 D has Engel rank 1.

Here, the Cartan rank of (R, C) is the smallest integer ρ such that there exist 1-forms {π1, . . . ,πρ}, which are indepen-
dent modulo {ω1, . . . ,ωs} and satisfy

dα ∧ π1 ∧ · · · ∧ πρ ≡ 0 (mod ω1, . . . ,ωs) for ∀α ∈ C⊥ = Γ (C⊥),

where C = {ω1 = · · · = ωs = 0 } and C⊥ is the annihilator subbundle in T ∗(R) of C defined by C⊥(x) = 〈{(ω1)x, . . . , (ωs)x}〉 ⊂
T ∗

x (R) at each x ∈ R . Furthermore the Engel (half ) rank of (R, C) is the smallest integer ρ such that

(dα)ρ+1 ≡ 0 (mod ω1, . . . ,ωs) for ∀α ∈ C⊥.

Obviously, if (R, C) has Cartan rank ρ , then (R, C) has Engel rank less than ρ (cf. II Section 4 in [3]).
For this purpose, we will first review the geometric construction of jet spaces in Section 2 and clarify the procedure of

rank 1 prolongation in Section 3. In Section 4, we will analyze the notion of a special m-flag of length k and reestablish
the local characterization of (Pk(M), Ck) by utilizing the Realization Lemma [15], which proves the equivalence of (i) and
(iii) in the above theorem. In Section 5, we will show the equivalence of (iii) and (iv) or (v). In Section 6, we will show
the equivalence of (iii) and (ii) and establish the above criteria (the Drapeau Theorem) for an m-flag of length k. Finally in
Section 7, we will characterize the regular part J k(M,1) of Pk(M) by the generating condition for the weak derived systems.

2. Geometric construction of jet spaces

In this section, we will briefly recall the geometric construction of jet bundles in general, following [15] and [16], which
is our basis for the later considerations.

Let M be a manifold of dimension m + n. Fixing the number n, we form the space of n-dimensional contact elements
to M , i.e., the Grassmann bundle J (M,n) over M consisting of n-dimensional subspaces of tangent spaces to M . Namely,
J (M,n) is defined by

J (M,n) =
⋃
x∈M

Jx, J x = Gr
(
Tx(M),n

)
,
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