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Abstract

In this paper we introduce Laguerre expansions to approximate vector-valued functions. We apply this
result to approximate C0-semigroups and resolvent operators in abstract Banach spaces. We study certain
Laguerre functions in order to estimate the rate of convergence of these expansions. Finally, we illustrate
the main results of this paper with some examples: shift, convolution and holomorphic semigroups, where
the rate of convergence is improved.
c⃝ 2016 Elsevier Inc. All rights reserved.
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1. Introduction

Representations of functions through series of orthogonal polynomials such as Legendre,
Hermite or Laguerre are well known in mathematical analysis and applied mathematics. They
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allow us to approximate functions by series of orthogonal polynomials using different types of
convergence: a pointwise way, uniformly, or in Lebesgue norm. Two classical monographs where
we can find this kind of results are [21, Chapter 4] and [28, Chapter IX]. In this paper we are
concentrated on Laguerre expansions.

Rodrigues’ formula gives a representation of generalized Laguerre polynomials,

L(α)
n (t) = et t−α

n!

dn

dtn (e−t tn+α), t ∈ R,

for α ∈ R and n ∈ N ∪ {0}. The following theorem, which appears in [21, Sec. 4.23] and whose
statement was originally proved by J.V. Uspensky in [30], gives a pointwise approximation for
scalar functions in terms of Laguerre polynomials. As we prove in Theorem 3.3, this result also
holds for vector-valued functions in abstract Banach spaces.

Theorem 1.1. Let α > −1 and f : (0, ∞) → C be a differentiable function such that the
integral


∞

0 e−t tα| f (t)|2 dt is finite. Then the series


∞

n=0 cn( f ) L(α)
n (t) converges pointwise to

f (t) for t > 0, where

cn( f ) :=
n!

Γ (n + α + 1)


∞

0
e−t tα f (t)L(α)

n (t) dt.

There exists a large amount of results about Laguerre expansions: for example, Laguerre
expansions of analytic functions are considered in [26]; the decay of coefficients is also studied
in [31] in connection with the other properties of the function given by their Laguerre expansions;
and the algebraic structure related to the Laguerre expansions is covered in detail in [19].

In particular, we apply Theorem 1.1 to the function ea (where ea(t) := e−at ) in order to show
that

e−at
=

∞
n=0

an

(a + 1)n+α+1 L(α)
n (t), a > 0, (1.1)

and the Laguerre expansion converges pointwise for t > 0.
Through Laguerre polynomials, Laguerre functions are defined by

L (α)
n (t) :=


n!

Γ (n + α + 1)
t

α
2 e−

t
2 L(α)

n (t), t > 0,

for α > −1. These functions form an orthonormal basis in the Hilbert space L2(R+).
Furthermore, let f be in L p(R+), 4

3 < p < 4, and ak( f ) :=


∞

0 L (α)
k (t) f (t) dt for k ∈ N∪{0}.

Then ∥Sn( f ) − f ∥p → 0 as n → ∞, with

Sn( f )(t) :=

n
k=0

ak( f )L (α)
k (t), t > 0,

see [3, Theorem 1].
On the other hand, a C0-semigroup (T (t))t≥0 is a one parameter family of linear and bounded

operators on a Banach space X which may be interpreted, approximately, as (e−t A)t≥0. The
(densely defined) operator −A, defined by

−Ax := lim
t→0+

T (t)x − x

t
, when the limit exists, x ∈ D(A),
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