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Abstract

For an interval £ = [a, b] on the real line, let u be either the equilibrium measure, or the normalized
Lebesgue measure of E, and let V# denote the associated logarithmic potential. In the present paper, we
construct a function f which is analytic on E and possesses four branch points of second order outside
of E such that the family of the admissible compacta of f has no minimizing elements with regard to the
extremal theoretic-potential problem, in the external field equals V.
© 2015 Elsevier Inc. All rights reserved.
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1. Notations

Throughout the paper, we use the following notations.
M (K)—the space of all positive unit Borel measures u with supports S(u) = suppu C K,
where K is a compact set, K C C.
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8,—the Dirac measure at a point z.

For a finite set £ = {ey,..., ey} of points (counted with their multiplicities) on C, we
introduce the measure g == ) ;_; 8¢, .

For a polynomial Q of degree n, we denote 8¢ := (... z,}» Where {z1, ..., z,} are the zeros
of Q.

We define a spherically normalized potential V* of the measure x by
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capy, K denotes the capacity of the compactum K in the presence of the harmonic external
field ¢ (the so-called -weighted capacity). It is known [28] that cap,, K coincides with the
transfinite diameter dy, K of K in the field v, that is
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Lety = V7H, S(u) N K = &. For the sake of simplicity we write cap,, K := capy-. K.

Consider a sequence of compacta {K,}, n = 1,2,.... It is known [26] that if each K, is
a union of a finite number of continua (the number does not depend on the index n), such that
lim,,_, oo K, = K (in the Hausdorff metric, see (41)—(42)) and if S(u) N K = &, then

nll)ngo cap, K, =cap, K. 3)

cap K denotes the standard capacity of the compactum K C C in the absence of an external
field, i.e. when ¢ = 0. Since VPhoo (z) =0forall z € C, thencap K = caps K.

Given an open set {2, we say that a sequence of functions {R,}°° , converges in capacity to

n=1
the function f on compact subsets of (2, if for every K C (2 and each ¢ > 0

lim cap{z € K : |[(R, — [)(2)| > e} = 0; (4)
n—oo
we use the notation
Rnc—aff, z€ {2, n—> oo.

The notation u,, =  is used for weak convergence of a sequence of measures t,, to the measure
W as n — oo. Recall that

tnSu asm— o0 < lim /fdun =/fdu, 5)
n—oo

for each function f continuous on C. Also recall that from each sequence of unit measures one
can extract a convergent subsequence.

We denote by gx (z, £) Green’s function of the complement C\ K of the compactum K, with
apole at £ € C\K. (We let gx(z, ¢) = 0, if the points z and ¢ are contained in two separate
components of C\K.)

G’;( (7)) = f gk (z,t)du(t) is Green’s potential of the measure u whose support S(u) does
not intersect the compactum K.

Now let S(u) N K = &. Let us remind the notion of the balayage tx of a measure u onto the
compactum K. By definition, the balayage is the unique measure in the space M (K) for which
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