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Abstract

In this paper, we generalize the notion of Kantorovich-type sampling operators using the Fejér-type
singular integral. By means of these operators we are able to reconstruct signals (functions) which are not
necessarily continuous. Moreover, our generalization allows us to take the measurement error into account.
The goal of this paper is to estimate the rate of approximation by the above operators via high-order modulus
of smoothness.
c⃝ 2015 Elsevier Inc. All rights reserved.
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1. Introduction

The theory of generalized sampling operators was initially developed at RWTH Aachen by
P.L. Butzer and his students in the late 1970s and has been extended thoroughly by many authors
since then (see e.g. [6,7,19]). A generalized sampling operator generated by a kernel function

∗ Corresponding author.
E-mail addresses: olga.orlova@artun.ee (O. Orlova), gtamberg@staff.ttu.ee (G. Tamberg).

http://dx.doi.org/10.1016/j.jat.2015.10.001
0021-9045/ c⃝ 2015 Elsevier Inc. All rights reserved.

http://crossmark.crossref.org/dialog/?doi=10.1016/j.jat.2015.10.001&domain=pdf
http://www.elsevier.com/locate/jat
http://dx.doi.org/10.1016/j.jat.2015.10.001
http://www.elsevier.com/locate/jat
mailto:olga.orlova@artun.ee
mailto:gtamberg@staff.ttu.ee
http://dx.doi.org/10.1016/j.jat.2015.10.001


74 O. Orlova, G. Tamberg / Journal of Approximation Theory 201 (2016) 73–86

ϕ ∈ L1(R) is defined for a uniformly continuous and bounded function f ∈ C(R) by

Sϕ
W f (t) :=

∞
k=−∞

f


k

W


ϕ(W t − k) (t ∈ R; W > 0). (1)

The operator is well-defined when the following conditions are satisfied:

∞
k=−∞

|ϕ(u − k)| < ∞ (u ∈ R), (2)

the absolute convergence being uniform on compact subsets of R, and

∞
k=−∞

ϕ(u − k) = 1 (u ∈ R). (3)

In [1] the authors introduced the Kantorovich version of operator (1) by replacing the exact
value f (k/W ) with the Steklov mean of f on the interval [k/W, (k + 1)/W ],

f


k

W


:= W

 (k+1)/W

k/W
f (u) du.

Such mean values were previously used by L.V. Kantorovich in order to extend the Bernstein
polynomials to the space L p(R), hence the name. The non-linear version of Kantorovich-
type sampling operators was considered in [23]. Moreover, various results on Kantorovich-type
sampling operators were recently obtained. For more information see e.g. [3,9–11,24,8].

In this paper we generalize the notion of Kantorovich-type sampling operator given in [1] by
replacing the Steklov mean with its more general analogue, the Fejér-type singular integral (see
Section 2) and get for f ∈ L p(R) (1 6 p 6 ∞) the operator (t ∈ R; W > 0; n ∈ N)

Sχ,ϕ
W,n f (t) :=

∞
k=−∞


∞

−∞

f (u)nWχ


nW


k

W
− u


du


ϕ(W t − k). (4)

The operator is well-defined when the kernel ϕ ∈ L1(R) satisfies the conditions (2), (3) and the
kernel χ ∈ L1(R) satisfies

∞

−∞

χ(u) du = 1.

Note that the choice of parameter n in the singular integral allows us to vary the length of kernel
support which would be otherwise strictly determined by the spacing parameter W .

Let us mention that the operators similar to (4) were introduced in the paper [4], in which a
Durrmeyer-type sampling operator is studied with respect to its asymptotic behaviour.

The Kantorovich-type sampling operators represent natural extension of the generalized
sampling series to the setting of L p spaces, an important instance when the functions (signals) are
not necessarily continuous. A reason for considering the generalization (4) lies in the fact that
measurements in applications are usually done according to some distribution, so the integral
component of the operator is already implemented in hardware. Knowing the parameters of this
distribution and consequently the corresponding kernel χ of the singular integral, we can choose
the appropriate kernel ϕ to get the desired accuracy of approximation.
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