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Abstract

Spherical ¢-design is a finite subset on sphere such that, for any polynomial of degree at most ¢, the
average value of the integral on sphere can be replaced by the average value at the finite subset. It is well-
known that an equivalent condition of spherical design is given in terms of harmonic polynomials. In this
paper, we define a spherical design of harmonic index ¢ from the viewpoint of this equivalent condition,
and we give its construction and a Fisher type lower bound on the cardinality. Also we investigate whether
there is a spherical design of harmonic index attaining the bound.
© 2014 Elsevier Inc. All rights reserved.

Keywords: Spherical design of harmonic index; Fisher type inequality; Equiangular lines

1. Introduction

Let ¢ be a natural number, $”~! the (n — 1)-dimensional unit sphere centered at the origin.
A finite nonempty subset X on S"~! is called a spherical t-design if, for any polynomial
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f(x) = f(x1,...,x,) of degree at most ¢, the following equality holds:
1 / 1
Tt fdo(x) = — ) f(x),
151=1] Jgu-t IX| ZX

where o is an O(R")-invariant measure on S”~! and |$”~!| denotes the surface volume of the
sphere $”~!. The concept of spherical design was defined by Delsarte—Goethals—Seidel (refer
to [8,7,2,3]). A spherical t-design means to be a good configuration of points on sphere so that
the average value of the integral of any polynomial of degree at most # on sphere can be replaced
by the average value at the finite set on sphere.

Let A = 25 4 ... + 2 be the Laplacian. A polynomial f(x) is harmonic if A f (x) = 0.
1 n
Then put

Harm;(R") = {f(x) | f(x) is a harmonic and homogeneous polynomial of

degree  on R"} .

The dimension of Harm, (R") is (""';_1) — (”'}‘i ;3) (refer to [1, page 478]). Some equivalent

conditions of spherical design are known. In particular, the following condition is quite often
used [7,2,3]:

For any f(x) € Harm;(RY) and 1</ <t, > fwy=o.
xeX

From this condition, we introduce the following notion which is the main subject in this paper:

Definition 1.1 (Spherical Design of Harmonic Index t). A finite nonempty subset X on S"~! is
called a spherical design of harmonic index t (or simply, harmonic index #-design) if, for any
f(x) e Harm;(R"), Y .x f(x) =0.

We are interested in what figure appears as spherical designs of harmonic index, and whether
we can give a natural lower bound for harmonic index designs similar to the case of usual
spherical design.

When ¢ is odd, any antipodal two points X = {x, —x} forms a harmonic index #-design be-
cause ) ..y f(x) = f(x) + f(—x) = f(x) — f(x) =0 forany f(x) in Harm;(R"). So, from
now on, we consider only the case when 7 is even.

When ¢ is even, for any f(x) € Harm,;(R"), f(—x) = f(x). So we remark that one can
take harmonic index ¢-designs just on hemisphere. For any n, t € N, from Seymour—Zaslavsky’s
theorem [15], if we make the number of vertices big enough, there always exists a harmonic index
t-design on S"~!. We denote the minimum cardinality of harmonic index 7-design on $"~! by
A(n, t). From the above, we see that, when ¢ is odd, A(n, t) = 2.

First we consider the case when n = 2 and t = 2e. Let x, y be two unit vectors in R? with
angular 6 = jm/2e for odd j. Then X = {x, y} is a harmonic index 2e-design on S!. So we see
that A(2, 1) = 2.

Next we consider the case when ¢t = 2 andn > 2. Let X = {ey, ..., e,} be an orthonormal
basis of R” (that is, an antipodal half part of regular cross-polytope). Then it is easy to see that X
is a harmonic index 2-design on §"~1. Therefore A(n, 2) < n. In fact, we will show A(n,2) = n
later.!

1 Also we note that this fact is shown as follows, too: 3-designs contain a basis of the space, so have cardinality >n.
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