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Abstract

One of the properties of the Rogers–Ramanujan continued fraction is its representation as an infinite
product given by
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is the Legendre symbol. In this work we study the level 13 function

R(q) = q
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and establish many properties analogous to those for the fifth power of the Rogers–Ramanujan continued
fraction. Many of the properties extend to other levels ℓ for which ℓ − 1 divides 24, and a brief account of
these results is included.
c⃝ 2014 Elsevier Inc. All rights reserved.

Keywords: Dedekind eta function; Eisenstein series; Hypergeometric function; Modular form; Pi; Ramanujan’s theories
of elliptic functions to alternative bases

∗ Corresponding author.
E-mail addresses: s.cooper@massey.ac.nz (S. Cooper), lawrencefrommath@gmail.com (D. Ye).

http://dx.doi.org/10.1016/j.jat.2014.01.008
0021-9045/ c⃝ 2014 Elsevier Inc. All rights reserved.

http://crossmark.crossref.org/dialog/?doi=10.1016/j.jat.2014.01.008&domain=pdf
http://www.elsevier.com/locate/jat
http://dx.doi.org/10.1016/j.jat.2014.01.008
http://www.elsevier.com/locate/jat
mailto:s.cooper@massey.ac.nz
mailto:lawrencefrommath@gmail.com
http://dx.doi.org/10.1016/j.jat.2014.01.008


100 S. Cooper, D. Ye / Journal of Approximation Theory 193 (2015) 99–127

1. Introduction

The Rogers–Ramanujan continued fraction (q) is defined for |q| < 1 by
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1 + · · ·

.

One of its main properties, due to Rogers [28], is the infinite product formula given by
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is the Legendre symbol.

This work is about the level 13 analogue defined by
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.

Our goal is to show that although R(q) does not have a simple expansion as a continued fraction,
it has many other properties similar to the fifth power of the Rogers–Ramanujan continued
fraction. Let us illustrate with two examples.

First, if r(q) =
5(q) then it is well-known that
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Ramanujan found an analogous property for R(q), namely
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This is one of five identities in Entry 8(i) of Chapter 20 in Ramanujan’s second notebook [26].
One of these identities is notable for being the last result in the 21 chapters of the notebook to be
proved; see the paper by Evans [18] for more information.

Here is the second example. If r = r(q) =
5(q), then it was shown in [9] that
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