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Abstract

We consider multiple orthogonal polynomials associated with the exponential cubic weight e−x3
over

two contours in the complex plane. We study the basic properties of these polynomials, including the
Rodrigues formula and nearest-neighbor recurrence relations. It turns out that the recurrence coefficients
are related to a discrete Painlevé equation. The asymptotics of the recurrence coefficients, the ratio of the
diagonal multiple orthogonal polynomials and the (scaled) zeros of these polynomials are also investigated.
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Fig. 1. The three rays Γ0,Γ1,Γ2.

1. Introduction and statement of the results

1.1. Orthogonal polynomials associated with an exponential cubic weight

A sequence of non-constant monic polynomials {pn} with deg pn ≤ n is said to be orthogonal
with respect to the exponential cubic weight e−x3

if
Γ

pn(x)xke−x3
dx = 0, k = 0, 1, . . . , n − 1, (1.1)

where the contour Γ is chosen such that the above integral converges. These polynomials satisfy
the three-term recurrence relation

xpn(x) = pn+1(x) + βn pn(x) + γ 2
n pn−1(x), (1.2)

where

βn =


Γ xp2

n(x)e−x3
dx

Γ p2
n(x)e−x3dx

, γ 2
n =


Γ xpn(x)pn−1(x)e−x3

dx
Γ p2

n−1(x)e−x3dx
, (1.3)

and the initial condition is taken to be γ 2
0 p−1 = 0. It is shown by A. Magnus [19] that the

recurrence coefficients βn and γ 2
n satisfy the “string” equations

γ 2
n+1 + β2

n + γ 2
n = 0, (1.4)

3γ 2
n (βn−1 + βn) = n. (1.5)

For the convenience of the reader, we derive the string equations using ladder operators for or-
thogonal polynomials in the Appendix. Some variants of orthogonal polynomials associated with
the exponential cubic weight have recently been studied in the context of numerical analysis [8]
and random matrix theory [4].

For our purpose, we are concerned with the polynomials for specific contours Γ . Consider the
three rays (see Fig. 1)

Γk = {z ∈ C : arg z = ωk
}, k = 0, 1, 2, (1.6)
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