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Abstract

Denote by Tn(., w) the nth degree Chebyshev polynomial with respect to the positive weight w. It is
shown in this note that if w is C1+ then Tn(cos φ, w) = ℜ{e−inφπ2(eiφ)} + o(1) where π(z) stands for
the Szegő function corresponding to w. This extends an earlier result proved by Kroó and Peherstorfer who
verified this asymptotic relation for C2+α, α > 0 weights.
c⃝ 2014 Elsevier Inc. All rights reserved.
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Let w be a positive continuous weight function on [−1, 1] and denote by

Tn(x, w) = an xn
+ · · · + a0, an > 0

the normalized Chebyshev polynomial of degree n with respect to w uniquely defined by

1 = ∥Tn(., w)w∥ ≤ ∥(an xn
+ bn−1xn−1

+ · · · + b0)w(x)∥, ∀bn−1, . . . , b0 ∈ R.

Here ∥ · · · ∥ stands for the usual supremum norm on [−1, 1]. By the classical Chebyshev alter-
nation theorem Tn(., w) is characterized by the property that function Tn(., w)w equioscillates
n + 1 times on [−1, 1] between 1 and −1.
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In case when w =
1

ρm
with ρm a polynomial of degree m < n positive on [−1, 1] the ex-

tremal polynomial Tn(., w) can be found explicitly; this result goes back to Chebyshev (see [1]).
Namely, let gm be the well-known Fejer–Riesz representation of ρm , that is gm is the unique
polynomial of degree m with real coefficients and all zeros in |z| > 1 such that |gm(eiφ)|2 =

ρm(cos φ), gm(0) > 0. Then with z = eiφ, x = cos φ we have

Tn(x, 1/ρm) = ℜ{z−ng2
m(z)}. (1)

Clearly, Tn(., 1/ρm)/ρm equioscillates n + 1 times on [−1, 1] between 1 and −1. Since

ℜ{z−ng2
m(z)}2

+ ℑ{z−ng2
m(z)}2

= ρ2
m, z = eiφ (2)

the n + 1 equioscillations of Tn(., 1/ρm)/ρm are zeros of ℑ{z−ng2
m(z)}2.

Finding asymptotic representation for the weighted Chebyshev polynomials has been one
of the basic problems in Approximation Theory for many years. The nth root asymptotic of the
weighted Chebyshev polynomials was given by Fekete and Walsh [3]; strong asymptotics outside
[−1, 1] was found by Lubinsky and Saff (see [7,6]).

The first general result on strong asymptotics for weighted Chebyshev polynomials on [−1, 1]

was given in [4] where it was shown that if w is of the smoothness class C2+α, α > 0 (that is
the second derivative of w(cos φ) is Lipα) then Tn(x, w) = ℜ{z−nπ2(z)} + o(1), z = eiφ, x =

cos φ uniformly for φ ∈ [0, π]. Here π(z) stand for the classical Szegő function corresponding to
the weight w, that is π(z) is the analytic and nonzero function on |z| < 1 satisfying the boundary
condition |π(z)| = w(cos φ)−1/2, z = eiφ .

In this note we will show that this result can be improved substantially by relaxing the
smoothness requirement on the weight. In fact we will prove that the above asymptotic relation
holds for weights whose first derivatives are of the Dini–Lipschitz class. For the positive and
differentiable on [−1, 1] weight w denote by ω1(h) the modulus of continuity of the first
derivative of w(cos φ). We shall say that w ∈ C1+ if ω1(h) satisfies the Dini–Lipschitz property

ω1


1
n


= o


1

log n


, n → ∞. (3)

Theorem. Let w ∈ C1+ be a positive weight on [−1, 1]. Then as n → ∞

Tn(cos φ, w) = ℜ{e−inφπ2(eiφ)} + o(1), (4)

uniformly for φ ∈ [0, π].

Denote by Pn the space of polynomials with real coefficients of degree at most n − 1. Given
f ∈ C[−1, 1] having 0 as its best approximant out of Pn , let γn( f, w) be the nth weighted strong
unicity constant of f defined as

γn( f, w) := sup
pn∈Pn\{0}

∥wpn∥

∥w( f − pn)∥ − ∥w f ∥
. (5)

It is shown in [4], Lemma 3.2 that given positive weights w1, w2 ∈ C[−1, 1] we have that

∥Tn(., w1) − Tn(., w2)∥ ≤ cγn(Tn(., w2), w2)∥w1 − w2∥ (6)

where the positive constant c depends only on the minima and maxima of weights w1, w2 on
[−1, 1].
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