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b Departamento de Matemáticas, University of Jaén, 23071-Jaén, Spain

Received 4 October 2011; received in revised form 22 January 2012; accepted 22 February 2012
Available online 3 March 2012

Communicated by András Kroó

Abstract

We find the polynomials of the best one-sided approximation to the Heaviside and sign functions. The
polynomials are obtained by Hermite interpolation at the zeros of some Jacobi polynomials. Also we give
an estimate of the error of approximation and characterize the extremal points of the convex set of the best
approximants.
c⃝ 2012 Elsevier Inc. All rights reserved.
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1. Introduction

Let Pn denote the family of all algebraic polynomials of degree not greater than n. For
f ∈ L1[−1, 1] bounded from below (above) the error of the best one-sided approximation to
f from below (above) of degree n is defined by

E−
n ( f )1 = inf {∥ f − P∥1 : P ∈ Pn, P ≤ f }
E+

n ( f )1 = inf {∥ f − P∥1 : P ∈ Pn, f ≤ P }

.

∗ Corresponding author.
E-mail address: jquesada@ujaen.es (J.M. Quesada).

0021-9045/$ - see front matter c⃝ 2012 Elsevier Inc. All rights reserved.
doi:10.1016/j.jat.2012.02.006

http://www.elsevier.com/locate/jat
http://dx.doi.org/10.1016/j.jat.2012.02.006
http://www.elsevier.com/locate/jat
mailto:jquesada@ujaen.es
http://dx.doi.org/10.1016/j.jat.2012.02.006


792 J. Bustamante et al. / Journal of Approximation Theory 164 (2012) 791–802

We will denote by P −
n ( f ) (P +

n ( f )) the set of all polynomials in Pn such that the above infimum
is attained. It is known that these sets are not empty. Note that P ∈ P −

n ( f ) if and only if P ≤ f
on [−1, 1] and 1

−1
Q(x) dx ≤

 1

−1
P(x) dx, (1)

for all Q ∈ Pn satisfying Q ≤ f on [−1, 1].
In this paper we obtain explicit expression for polynomials of best one-sided approximation

to the Heaviside function

G(x) =


0, if − 1 ≤ x ≤ 0,

1, if 0 < x ≤ 1.

The polynomials of best one-sided approximation to the function G and to the sign function

S(x) := sign (x) =

−1, if − 1 ≤ x < 0,

0, if x = 0,

1, if 0 < x ≤ 1

are closely related. In fact, since S(x) = 2G(x) − 1, almost everywhere, it is easy to show that
P ∈ P −

n (G) if and only if 2P − 1 ∈ P −
n (S).

On the other hand, it is known that, if f ∈ L1[−1, 1] is a bounded odd function, then
P(x) ∈ P +

n ( f ) if and only if −P(−x) ∈ P −
n ( f ). Therefore, in what follows we only consider

best one-sided approximation from below.
In Section 3 (see Theorem 1) we characterize the polynomials in P −

n (G). We show that these
polynomials interpolate G at some points yn,i . Thus, in order to obtain a complete description of
the polynomials P we should identify the points yn,i . In Theorem 2 we prove that these points
are just the zeros of some Jacobi polynomials. Finally, in Section 4 we give explicit expressions
for the polynomials in P −

n (G).
Several problems concerning best one-sided approximation have been studied before. In

particular, the asymptotic properties of E−
n (G) were considered in [3] and methods for obtaining

best one-sided approximants were developed in [1,2]. Here we follow ideas similar to the ones
used in the two last papers. We refer the reader to the classical monograph of Pinkus [4] for a
detailed description of some results related to the existence, characterization and uniqueness of
the best one-sided approximation.

Application of the results presented here to the construction of operators for one-sided
approximation will appear in a forthcoming paper.

2. Some facts related to Jacobi polynomials

For α > −1, β > −1 and r ∈ N, the Jacobi polynomial P(α,β)
r is the unique polynomial of

degree r which satisfies 1

−1
Qr−1(x)P(α,β)

r (x) (1 − x)α(1 + x)β dx = 0, for all Qr−1 ∈ Pr−1, (2)

and

P(α,β)
r (1) =


r + α

r


.
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