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Abstract

This paper deals with Mehler—Heine type asymptotic formulas for the so-called discrete Sobolev
orthogonal polynomials whose continuous part is given by Laguerre and generalized Hermite measures.
We use a new approach which allows to solve the problem when the discrete part contains an arbitrary
(finite) number of mass points.
© 2010 Elsevier Inc. All rights reserved.
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1. Introduction
Let {u;};_, be finite positive Borel measures supported on the real line. Define the Sobolev
space
r
W2 (o, i, o ) =1 f - / |fPdpo + Zf | £ Pdu; < +o0
i=1
with the inner product

(f.8) = f fedpo+ ) f eV du;.
i=1

It is very well known that this inner product is nonstandard; that is, (xf, g) # (f, xg). Con-
sequently, some nice properties of standard orthogonal polynomials (for example, the three-term
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recurrence relation and the interlacing properties of zeros) are lost. More importantly, some pow-
erful methods and techniques developed through the years to treat standard orthogonal polyno-
mials have not found their equivalent in this setting and many questions remain unanswered.

Here, we give a general solution to one of those problems. Let u be a finite positive Borel
measure supported on the real line, c € Rand M; > 0 fori =0, 1, ..., r. We consider an inner
product of the form

(fr8) = f FE)g@dpx) + Y Mif D)V (o),
i=0

and let {9, },>0 be the corresponding sequence of monic orthogonal polynomials. Such products
are called discrete types. More general discrete type products, in which derivatives of different
orders are multiplied, have also been studied. Recently in [13] the authors prove that every
symmetric bilinear form of this type can be reduced to the diagonal case; therefore, to some
extent, we are considering the most general situation (as long as the reduction is plausible).

Our aim is to obtain Mehler—-Heine asymptotic formulas for the sequence of Sobolev
orthogonal polynomials when the measure which appears in the continuous part is Laguerre
or generalized Hermite. We do this by comparing the Sobolev orthogonal polynomial and its
classical counterpart, and see how the addition of derivatives in the inner product affects the
orthogonal system. Some applications of Sobolev discrete type orthogonality within the theory of
standard orthogonal polynomials are known. For instance, some standard classical polynomials
with nonstandard parameters are not orthogonal in the usual sense, but they are orthogonal with
respect to nonhermitian inner products (see e.g. [11] for the Laguerre case and [10] for the Jacobi
case). Moreover, they are also orthogonal with respect to a discrete type Sobolev inner product
(see e.g. [1] or [12]). This last approach has its origin in a paper by Gonchar where he studies the
convergence of diagonal Padé approximation to meromorphic Markov type functions (see [7]).
Its first use in the context of discrete type Sobolev orthogonal polynomials (and more general)
dates to [14].

This idea allows to reinterpret Sobolev orthogonality as standard quasi-orthogonality (where
some orthogonality conditions are lost). Consequently, the polynomial Q, can be expressed as
a linear combination (with a fixed number of terms) of standard orthogonal polynomials R,
corresponding to the modified measure dv = (x — ¢)"t1du; that is,

r+1

0n(¥) =Y aj Ry j(x). (1)

This approach has proved to be fruitful when u has compact support and c lies in the complement
of the support of the measure.

In the bounded case, a straightforward argument allows to prove that all the connection
coefficients a;, are bounded. If the measure y is in the Nevai class, the orthogonal polynomials
R, have ratio asymptotic which simplifies the study of (1), in order to get the relative asymptotics
of Q,,/R,. The situation is quite different in the case of measures with unbounded support. For
example, consider the Laguerre probability measure, i.e. du(x) = %dx with o > —1, and
the inner product

_ aL—x @) @)
(fs8)r = T +1)/ f)gx)x“e dx+ZMf 0)g*(0), 2
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