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1. Introduction

In [40,44] order estimates for the entropy numbers e, (I : j r (82) = Ly, »(£2)) of the embedding

operator I of a weighted Sobolev space W; (£2) on a John domam £ c R%into a weighted Lebesgue
space Lq , (£2) were obtained (all notation w1ll be given in Section 4). In particular, it was proved that
ifg(x) = @y (dist(x, I')), v(x) = @, (dist(x, I")), where I C 02 is an h-set with h(t) = t? logt|”,
0 <6 <d e (t)=tPe|logt|™,¢,(t) =t Pv|logt|™,1 <p <q < o0 Bs+B, = r—i—g—g >0,
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Here we consider the critical case g + o, =

% % and prove that

_1
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en(l 1 W!(2) = Lg,(2)) < n

Recall the definition of the entropy numbers (see, e.g., [7,10,34]).

Definition 1. Let X, Y be normed spaces, and let T : X — Y be a linear continuous operator. The
entropy numbers of T are defined by

er(T) = inf{g >0: 3y, ...y €Y TBy) C U2 +sBy)} . keN.

The problem of estimating entropy numbers or e-entropy was intensively studied by different
authors [3,8-30,32,33,35,36,38]. For details, see [40].

Triebel [38] and Mieth [32,33] obtained estimates for the entropy numbers of embedding operators
of the weighted Sobolev space 'W;,g(B) into L,(B); here B is a ball and the weight g has singularity at
the origin.

The problem of estimating the entropy numbers of two-weighted summation operators

Suw,rf(§) = w(&) Zu(é’)f(é’)
§'<&

on a tree 7 was investigated in [26,28,29] and in [40]. In particular, if 2 < p < 00,q = 00, T isa
binary tree, w(€) = 1, u(€) = (|&| + 1)~7/¥ (here |£| is the distance between the vertex & and the
rootof 7, p’ == I%), y > 1, then from results of Lifshits and Linde [26,28,29] and duality results for
the entropy numbers [4] it follows that
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the critical case y = p’ was studied in [26] (for p = 2) and in [29]. In [40] the case 1 < p < oo,
1 < g < oo was considered. In particular, it was proved that if 7 is a binary tree, 1 < p < q < oo,
u(€) = 2751l + D7, w(E) =27€(E| + 17, B> 1,0 <y +a, # § — 1, then
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Here we consider the critical case o, + o, = % — % (see Section 5) and prove that
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en(Suw,7 : L(T) = (7)) <xni " »,

This paper is organized as follows. In Section 2 we obtain a general result about upper estimates
for the entropy numbers of embedding operators of function spaces on a set with tree-like structure.
The properties of such spaces are almost the same as those of function spaces defined in [40,46]
(see Assumptions 1-3), but there are some differences. In particular, here we suppose that (2) holds.
This condition cannot be directly derived from the known results for weighted Sobolev and Lebesgue
spaces. Therefore, we first consider some particular cases of function spaces satisfying Assumptions A-
Cor A, B and D (see Section 3) and prove that these spaces satisfy Assumptions 1-3. In Section 4 we
obtain order estimates for the entropy numbers of embedding operators of weighted Sobolev spaces;
to this end, we prove that under given conditions on weights Assumptions A-C or A, B and D hold. In
Section 5 we obtain order estimates for the entropy numbers of two-weighted summation operators
on a tree.
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