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a b s t r a c t

In this survey paper we discuss some tools and methods which
are of use in quasi-Monte Carlo (QMC) theory. We group them in
chapters on Numerical Analysis, Harmonic Analysis, Algebra and
Number Theory, and Probability Theory. We do not provide a com-
prehensive survey of all tools, but focus on a few of them, includ-
ing reproducing and covariance kernels, Littlewood–Paley theory,
Riesz products, Minkowski’s fundamental theorem, exponential
sums, diophantine approximation, Hoeffding’s inequality and em-
pirical processes, as well as other tools. We illustrate the use of
these methods in QMC using examples.
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1. Introduction

Quasi-Monte Carlo (QMC) rules are quadrature rules which can be used to approximate integrals
defined on the s-dimensional unit cube [0, 1]s

[0,1]s
f (x) dx ≈

1
N

N−1
n=0

f (xn),

where P = {x0, x1, . . . , xN−1} are deterministically chosen quadrature points in [0, 1)s. In QMC
theory one is interested in a number of questions. Of importance is the integration error


[0,1]s

f (x) dx −
1
N

N−1
n=0

f (xn)


and how it behaves as N and/or s increases. Various settings can be defined to analyze this error. For
instance, one can consider theworst-case error: Here one uses a Banach space (H, ∥·∥) and considers

wce(H,P ) = sup
f∈H

∥f ∥≤1




[0,1]s
f (x) dx −

1
N

N−1
n=0

f (xn)

 .
Particularly nice examples of such function spaces are so-called reproducing kernel Hilbert spaces.We
review essential properties of reproducing kernel Hilbert spaces in Section 2. Other settings include
the average case error: In this case one defines a probability measure µ on the function space H and
then studies the expectation value of the integration error

acep(H,P ) =


E




[0,1]s
f (x) dx −

1
N

N−1
n=0

f (xn)


p1/p

.

Such an investigation can be carried out with the help of covariance kernels. There are a number of
relations to reproducing kernels, which we also discuss in Section 2.

Covariance kernels also appear in stochastic processes, which themselves are important in appli-
cations in financial mathematics and partial differential equations (PDEs) with random coefficients,
for instance.We discuss all these connections in the section on numerical analysis, Section 2, in which
we also treat some further useful tools, like the use of bump functions to prove lower bounds and the
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