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1. Introduction

For a prime power q let F be the finite field of order q and let d be a positive divisor of ¢ — 1. The
cyclotomic classes of order d give a partition of Fy := Fq \ {0} defined by
Dp:={a™ : 0<n<(q—1)/d—1} and D;:=&Dy, 1<j<d—1,
for a primitive element « of Fy.
For a prime divisor d of ¢ — 1, Sidel'nikov [24] introduced the (q — 1)-periodic sequence S = sg, s1, . . .
with terms in the finite field F; (we will also write over the finite field F;) defined by
sp=j<=a"+1€D;, n=0,...,9—2, n#(q—1)/2,
S@-1/2 = 0, and (1)
Sntq—1 =Sy, n=0.
Independently in [16] Lempel, Cohn and Eastman studied the sequence (1) ford = 2.
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In the following we suggest a natural generalization of the sequence (1) for arbitrary finite fields.
Suppose that the divisor d = p' of ¢ — 1 is a power of the prime p and let {8, B1, . .., Br—1} be a basis
of e over F,. Then we define the SideI'nikov sequence S = sg, s1, ... with period ¢ — 1 and terms in
the finite field F,: by

sp=§&<=a"+1€D;, n=0,...,q—2,n#(q—1)/2,
S(g—1)/2 =0, and (2)
Snyqg—1=Su, N >0,

where & = joBo+ji1f1+ - - +ji—1Br—1if (o, j1, . . ., jr—1)p IS the p-ary representation of the integer j.
We remark that the exact appearance of the Sidel'nikov sequence depends on the choice of the basis.

The linear complexity of an N-periodic sequence S = sy, S1, ... over a finite field F,4, denoted by
L(S), is the smallest nonnegative integer L for which there exist coefficients ¢, ¢, ..., c; € Fq such
that

Sn+CiSp_1+ -+ S =0 foralln > L.

The linear complexity is of fundamental importance as a complexity measure for periodic sequences
used as a keystream for a stream cipher in cryptography (see [20-23]).

The linear complexity of the binary Sidel'nikov sequence has been investigated in [13,15,19]. For
results on the linear complexity of the Sidel'nikov sequence defined by (1) for an arbitrary prime
divisor d of ¢ — 1 we can refer to [4].

Since the finite field Fq, ¢ = u™, plays an important role in the construction of the Sidel'nikov
sequence S given by (1), it is also reasonable to interpret S as a sequence over the prime field F,,.
Results on the linear complexity of this sequence can be found in [7,8,11,12] if d = 2, and in [2,5,14]
for arbitrary divisors d of ¢ — 1 (in this case d need not necessarily be a prime).

In this article we investigate the linear complexity of the generalization (2) of the Sidel'nikov
sequence for arbitrary finite fields. After recalling some basic facts and techniques in Section 2, in
Section 3 we establish good lower bounds on the linear complexity for several classes of sequences of
the form (2). In Section 4 we present exact values for the linear complexity of Sidel'nikov sequences
over Fg.

2. Preliminaries

Letd = p‘ be a power of the prime p and letS = s, s1, . . . be an N-periodic sequence over the finite
field F4. Then we can identify S with the polynomial S(X) = so + 51X + - - - + sy_1 X"~ € F4[X] of
degree at most N— 1. The linear complexity L(S) of the sequence S is then given by (cf. [6, Lemma 8.2.1])

L(S) = N — deg(gcd(X" — 1, S(X))). (3)

IfN = p°r with ged(p, r) = 1, then we have XN — 1 = (X" — 1)’ Consequently, in order to calculate
the linear complexity of S we are interested in the multiplicities of the rth roots of unity as roots of
the polynomial S(X). The multiplicity of roots of the polynomial S(X) can be determined with the kth
Hasse derivative (cf.[10]) S(X)® of S(X), which is defined by

N-1

n
SO =3 () sx
0 =3 ()
n=k
The multiplicity of y as aroot of S(X) is v if S(y) = S(»)P = ... =5(»)®V =0and S(»)® #£ 0

(cf. [17, Lemma 6.51]).

Consequently we are interested in the Hasse derivatives of the polynomial S(X) which corresponds
to the sequence (2):

The binomial coefficients modulo p appearing in S(X)® can be evaluated with Lucas’ congruence
(cf. [9,18])

()=o) (i) moar
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