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Abstract

In this paper we consider scattering problem for Hartree type fractional NLS with |V|* (1 < « < 2) and
potential V ~ |x| 7. We show small data scattering in a weighted space for the short range 64:2(;" <y <2
The difficulty arises from the non-locality and non-smoothness of [V|*. To overcome it we utilize the
method of commutator estimate based on Balakrishnan’s formula.
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1. Introduction

In this paper we consider a small data scattering problem of the fractional nonlinear
Schrodinger equation (fNLS) with Hartree type potential:

idu=|V|% + (V x |u|>)u in R4,

u(0) = ¢ € H*(RY), (D

where d > 1, 1 <a <2,s >0 and V is a complex-valued measurable function on R4, Here
|V|¢ = (=A)2 = F~1|£|* F is the fractional derivative of order o and * denotes the space con-
volution. By Duhamel’s formula, (1.1) is written as an integral equation
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t
u(t) =e "V () —i/e*“f*’/)'vl‘"(v * lu(@)Pu'ydt', (1.2)
0

where the linear propagator eIV £ is the solution to the linear problem id;z = |V|%z with
initial datum f. Then it is formally given by

TV f = FrleT N F f = (2m) f ST 7 dt. (1.3)

Rd

Here f: F f is the Fourier transform of f such that f(’g‘ )= fRd e~ f(x)dx and we denote
its inverse Fourier transform by F~'g(x) = )~ fRd e Eg(&)dE.

During the decade fractional NLS including semi-relativistic equations have been extensively
studied to describe natural phenomena in the context of fractional quantum mechanics [18,19],
system of bosons [11], system of long-range lattice interaction [16], water waves [22], turbulence
[3] and so on. Heuristically, Hartree nonlinearity can be interpreted as an interaction between
particles with potential V [11]. The potential V taken into account is of short-range interaction
as follows:

(S-R1) V is differentiable on RY \ {0} and for 1 < y < d it satisfies that
[V + Ix[[VV ()] < Clx| ™, Vx #0. (1.4)

If 0 <y <1, then V is referred to be of long-range interaction. We adopt the terminologies
short-/long-range interaction from the scattering theory of Hartree equations (o = 2).
In this paper we are concerned with small data scattering of (1.1) for a class of potentials V.

Definition 1.1. We say a solution u to (1.1) scatters (to u4) in a Hilbert space H if there exist
@+ € H (with us (1) = e IV ) such that

lim [le"Yu(r) — gl = 0.
t—+o00

If V has a long range, it was shown in [6] that scattering may not occur even in L2. The
short-range scattering in H* can be shown simply by Strichartz estimates on the real line when
2<y<dands > s, := % since the dispersion of solution is fast. This is also the case
for Hartree and semi-relativistic equation. See [12,8,13,5]. But in case when 1 < y < 2, the
dispersion of solution to (1.1) is not good for Strichartz estimate on the whole time. One may
usually think of two ways (radial symmetry, weighted normed space) to observe scattering. Under
the radial assumption the global Strichartz estimate can cover the range 1 < y < 2 in part. To be
more precise, small data scattering in H** is possible when «, y are restricted to 25—{1 <a<?2
and o < y < d. For this see [5]. In [7] even a large data scattering in energy space is treated
under radial symmetry when y = 2« (energy-critical) and 25—”_11 < o < 2. The other way is to
use a weighted normed space as in Hartree [14] and semi-relativistic [13] equations. If the initial

data is in a weighted space, then the solution could be dispersive enough to scatter.



Download English Version:

https://daneshyari.com/en/article/4609229

Download Persian Version:

https://daneshyari.com/article/4609229

Daneshyari.com


https://daneshyari.com/en/article/4609229
https://daneshyari.com/article/4609229
https://daneshyari.com

