
Available online at www.sciencedirect.com

ScienceDirect

J. Differential Equations 262 (2017) 486–505

www.elsevier.com/locate/jde

Existence of ground state solutions to Dirac equations 

with vanishing potentials at infinity

Giovany M. Figueiredo a,1, Marcos T.O. Pimenta b,∗,2

a Faculdade de Matemática, Universidade Federal do Pará, 66075-110, Belém, Pa, Brazil
b Departamento de Matemática e Computação, Faculdade de Ciências e Tecnologia, Universidade Estadual Paulista – 

Unesp, 19060-900, Presidente Prudente, SP, Brazil

Received 6 April 2016

Available online 30 September 2016

Abstract

In this work we study the existence of ground-state solutions of Dirac equations with potentials which 
are allowed to vanish at infinity. The approach is based on minimization of the energy functional over 
a generalized Nehari set. Some conditions on the potentials are given in order to overcome the lack of 
compactness.
© 2016 Elsevier Inc. All rights reserved.
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1. Introduction

In 1928 Dirac proposed a model to the quantum mechanics which, in contrast to the 
Schrödinger theory, takes into account the Relativity Theory. More specifically, he proposed 
a model to describe the evolution of a free relativistic particle, given by
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ih̄
∂ψ

∂t
= Dcψ, (1.1)

where the operator Dc is given by

Dc = −ich̄α · ∇ + mc2β = −ich̄

3∑
k=1

αk∂k + mc2β

and α = (α1, α2, α3), β satisfy the anticomutation relations

⎧⎨
⎩

αkαl + αlαk = 2δklI,

αkβ + βαk = 0,

β2 = I,

(1.2)

where I denotes the identity matrix. It can be proved that the least dimension where (1.2) can 
hold is N = 4, where αi and β are four-dimensional complex matrices given by

β =
(

I2 0
0 −I2

)
, αk =

(
0 σk

σk 0

)
,

for k = 1, 2, 3 and σk given by

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i

i 0

)
, σ3 =

(
1 0
0 −1

)
.

Hence, the operator Dc is well defined in L2(R3, C4).
Let us consider the nonlinear Dirac equation

−ih̄
∂ψ

∂t
= ich̄

3∑
k=1

αk∂kψ − mc2βψ − M(x)ψ + g(x,ψ). (1.3)

Assuming that g(x, eiθψ) = g(x, ψ), by the Ansatz ψ(t, x) = e
iμt
h̄ u(x), one can verify that 

ψ(x, t) satisfies (1.3) if and only if u :R3 →C
4 satisfies the following problem

−ih̄

3∑
k=1

αk∂ku + aβu + V (x)u = f (x,u), (1.4)

where a = mc2, V (x) = M(x)/c + μI4 and f (x, u) = g(x, u)/c.
There are many works dedicated to study the Dirac equation (1.4) with the potential V and the 

nonlinearity f under several different hypotheses. In [11], Merle study the problem (1.4) with a 
constant potential V (x) = ω ∈ (−a, a) and nonlinearity representing the so called Soler model. 
As far as variational methods are concerned, it seems that Esteban and Séré in [10] were pioneers 
in using this kind of method to study (1.4).

Motivated by the versatility that variational methods provide, and by the physical appeal of 
its deduction, some researchers started to work in several generalizations of results which was 
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